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SPECTRAL FAMILIES OF PROJECTIONS, SEMIGROUPS,
AND DIFFERENTIAL OPERATORS

HAROLD BENZINGER, EARL BERKSON' AND T. A. GILLESPIE

ABSTRACT. This paper presents new developments in abstract spectral theory suita-
ble for treating classical differential and translation operators. The methods are
specifically geared to conditional convergence such as arises in Fourier expansions
and in Fourier inversion in general. The underlying notions are spectral family of
projections and well-bounded operator, due to D. R. Smart and J. R. Ringrose. The
theory of well-bounded operators is considerably expanded by the introduction of a
class of operators with a suitable polar decomposition. These operators, called polar
operators, have a canonical polar decomposition, are free from restrictions on their
spectra (in contrast to well-bounded operators), and lend themselves to semigroup
considerations. In particular, a generalization to arbitrary Banach spaces of Stone’s
theorem for unitary groups is obtained. The functional calculus for well-bounded
operators with spectra in a nonclosed arc is used to study closed, densely defined
operators with a well-bounded resolvent. Such an operator L is represented as an
integral with respect to the spectral family of its resolvent, and a sufficient condition
is given for (-L) to generate a strongly continuous semigroup. This approach is
applied to a large class of ordinary differential operators. It is shown that this class
contains significant subclasses of operators which have a polar resolvent or generate
strongly continuous semigroups. Some of the latter consist of polar operators up to
perturbation by a semigroup continuous in the uniform operator topology.

1. Introduction. This paper is concerned with presenting new developments in
abstract spectral theory, and their applications to classical translation and differen-
tial operators. The key notions are spectral family of projections and well-bounded
operator due to D. R. Smart [23] and J. R. Ringrose [21]. Well-bounded operators
are associated with certain monotone projection-valued functions on the real line R,
which are not given by projection-valued measures, and are suitable for treating
conditional convergence such as arises in Fourier expansions. For our purposes a
slightly stronger notion, that of well-bounded operator of type (B), is needed.
Matters of background from the theory of well-bounded operators are discussed in
concise form in §2.

In §3 we extend the theory of well-bounded operators to include operators with a
suitable polar decomposition (polar operators). Polar operators are free from im-
plicit requirements on the spectrum (in contrast to well-bounded operators), have a
canonical decomposition with useful properties, and are well suited for applications
to one-parameter semigroups (§83 and 4). In particular, in Theorem (4.20), we
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obtain a generalization to arbitrary Banach spaces of Stone’s theorem for unitary
groups. This affords an abstract formulation of Fourier inversion phenomena in
LP(R) and L?(T) for 1 < p < oo, where T is the unit circle in the complex plane C,
T = {z € C: | z|= 1} (see (4.47) below).

In §5 the functional calculus for well-bounded operators, with spectra in a
nonclosed arc in C, on reflexive Banach spaces, is applied to the spectral analysis of
closed, densely defined operators L with well-bounded resolvent operators R(A, L).
Specifically, L is represented as an integral with respect to the spectral family of
R(A, L). Further, a sufficient condition is given for —L to generate a strongly
continuous semigroup.

These results are applied to the study of a large class of ordinary differential
operators defined for a compact interval, which are shown to have well-bounded
resolvents. A rich structure theory for these operators is developed, and a subclass
which generates strongly continuous semigroups is identified. Among these opera-
tors are significant classes with resolvents which are polar operators, or which
generate semigroups which are polar up to perturbation by a uniformly continuous
semigroup.

Throughout what follows X will be a complex Banach space with dual space X*,
and %9( X) will be the algebra of all bounded linear operators mapping X into itself.
We use “ker” to denote the kernel of a linear transformation. Our terminology
concerning semigroups is that of [10, Chapter VIII], concerning L? multipliers that
of [11, pp. 6, 7). The symbol Z will denote the set of all integers.

2. Relevant aspects of well-bounded operators summarized. In order to place the
developments in succeeding sections in their proper context, we collect here, in a
form tailored to our applications, the needed facts about well-bounded operators.
For a full account see [9, Part 5].

Let J = [a, b] be a compact interval of R. Let BV(J) be the Banach algebra of
complex-valued functions of bounded variation on J with norm || ||, defined by
W/l =1/(b)| +var(f, J), where var(f, J) is the total variation of f on J. Let
AC(J) be the Banach subalgebra of BV(J) consisting of the absolutely continuous
functions on J.

DEFINITION. Let T € B( X). T is said to be well-bounded if there are a compact
interval J and a constant K such that

lp(T)l =< Kl pll,»

for every polynomial p with complex coefficients. In this case we say that T is
implemented by (K, J).

Obviously, if T is implemented by (K, J), then the algebra homomorphism
p - p(T) on the subalgebra of AC(J) consisting of the polynomials extends to a
continuous homomorphism from AC(J) into B(X), denoted f - f(T). J. R. Ringrose
showed [21, Theorems 2 and 6] that well-bounded operators can be characterized by
a “spectral theorem”-type of representation which associates with each well-bounded
operator T a certain kind of projection-valued function E(-) defined on R. E(-) is
called a decomposition of the identity for 7. The characteristic properties of a
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decomposition of the identity are technically involved. Moreover, the values of a
decomposition of the identity are projections acting in the dual space X*, and a
well-bounded operator need not have a unique decomposition of the identity. These
technical complications of the general theory of well-bounded operators are removed
when one considers the special class of well-bounded operators of type (B) (to be
discussed presently) which are at the heart of the subject matter of this paper. For
this reason we shall content ourselves with a. short account (in Proposition (2.1)
below) of some standard facts from the general theory of well-bounded operators,
our purpose being largely to single out features of operators of type (B) which are
actually part of the general theory.

(2.1) PROPOSITION. Let T be a well-bounded operator on X implemented by (K, J).
Let o(T') be the spectrum of T, and let E(-) be a decomposition of the identity for T.
Then

®Ho(T)CJ.

(ii) If « (resp., B) denotes min o(T) (resp.,max o(T)), then T is implemented by
(K[ B]).

(iil) An open interval 9 is contained in p(T), the resolvent set of T, if and only if E(-)
is constant on 9.

(iv) If there is a function F(-) on R whose values are projections acting in X such
that F*(-) is a decomposition of the identity for T, then T has a unique decomposition of
the identity, and {T}', the commutant of T, equals { F(A\): A € R}".

ProoF. Conclusion (i) is an obvious consequence of the homomorphism from
AC(J) into B(X) (see also [9, Corollary 15.9]). The proof of [9, Theorem 15.19]
shows that there is some decomposition of the identity G(-) for T such that
IG(M)Il < K for all A € R, and

((T)x.6)=1(b)Cx. 4)= [ "(x,G(\)$)f(N) dA,

forx € X, ¢ € X*, f € A(|a, b], where J = [a, b]. It follows from [9, Theorem 19.2]
that G(A) =0 for A <a and G(A) is the identity operator on X* for A = .
Conclusion (ii) follows immediately. To see (iii), notice that we can assume without
loss of generality that § is bounded. The “if” assertion follows from [9, Theorem
15.8(v)]. Conversely, suppose § C p(T). Then by [9, Theorem 19.2] the projections
E(M) for A € 9 all have the same range, and, since they commute, must be identical.
Conclusion (iv) is part of [9, Theorem 16.3].

REMARK. It follows from Proposition (2.1)(ii) that if T is a well-bounded operator
whose spectrum consists of the single point A, then T = A1, where I is the identity
operator of X. In particular, a quasinilpotent well-bounded operator is 0.

We shall call a well-bounded operator T on X decomposable in X provided there
is a function E(-) on R whose values are projections acting in X such that E*(-)is a
decomposition of the identity for T. In this case it follows from Proposition (2.1)(iv)
that E(-) is unique and {T'}' = {E(A): A € R}".

DEFINITION. A well-bounded operator T on X is said to be of type (B) provided T
is decomposable in X, and the unique projection-valued function E(-) such that
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E*(-) is a decomposition of the identity for T further satisfies: (i) E(-) is right
continuous on R in the strong operator topology, and (ii) E(-) has a left-hand limit
in the strong operator topology at each point of R.

The notion of well-bounded operator of type (B) gains much of its substance from
the fact that a well-bounded operator on a reflexive space is automatically of type
(B) [9, Theorem 17.17] (note, however, that [21,§6] contains an example of a
well-bounded operator on a weakly complete space which is not of type (B)). It is
obvious that once one specializes to the treatment of well-bounded operators of type
(B), the emphasis can be placed on the projections E(A), A € R, acting in X rather
than on their adjoints. We now indicate briefly a framework for doing so.

(2.2) DEFINITION. A spectral family in X is a projection-valued function F:
R — % ( X) which satisfies the following conditions.

@) sup{Il F(M)Il: A € R} < + o0;

(i) F(A)F(p) = F(p)F(A) = F(min{A, p}), for A, p € R;

(iii) F(-) is right continuous on R in the strong operator topology;

(iv) F(-) has a left-hand limit in the strong operator topology at each point of R;

(v) F(A) - 0 (resp., F(A) —» I) in the strong operator topology as A — —c0
(resp., A > +00).
If there exist a, b € R such that F(A) =0 for A <a and F(A) =1 for A = b, we
shall say that F(-) is concentrated on [a, b].

REMARK. If X is reflexive, then a projection-valued function F: R — B(X)
satisfying (i) and (ii) of (2.2) automatically has a strong left-hand limit and a strong
right-hand limit at each point of R (by, for instance, [1, Theorem 1]).

An integration theory is available for spectral families (for more details see
[9, Chapter 17]). If F(-) is a spectral family in X, J = [a, b] is a compact interval of
R, and f € BV(J), then [/fdF exists as the strong limit of Riemann-Stieltjes sums
wherein the intermediate point in each subinterval is always taken to be the right
end-point of the subinterval. If, in addition, f is continuous on J, then [, f dF exists
as the strong limit of Riemann-Stieltjes sums. For g € BV(J) we define [ g dF to
be g(a)F(a) + [/gdF.

(2.3) PROPOSITION. If F(-) is a spectral family in X, and J is a compact interval of
R, define Yy ;: BV(J) - B(X) by setting

¥ro(1) = [T1dF, forf € BV().
Then Yy ; is an algebra homomorphism of BV(J ) into B( X), and
”‘PFJ(f)" < lllfllljsup{llF(A)ll Ae J}’ fEBV(J).

REMARK. When there is no danger of confusion, we shall suppress the subscripts
F, J in the symbol Y. ;.
The next proposition can be seen from [9, proof of Theorem 17.14(iv)].

(2.4) PROPOSITION. Let T € B( X). Then T is a well-bounded operator of type (B) if
and only if there is a spectral family E(-) in X such that

(1) E is concentrated on a compact interval [a, b] and

(i) T= [G A dE(N).
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If this is the case, then for any spectral family F(-) satisfying (i) and (ii), F*(-) is a
decomposition of the identity for T (in particular, the spectral family E(-) in (i) and (ii)
above is uniquely determined).

DEerINITION. If T is a well-bounded operator of type (B), we call the unique
spectral family in X satisfying (i) and (ii) of Proposition (2.4) the spectral family of
T.

REMARK. If T is a well-bounded operator of type (B), and E(-) is its spectral
family, then it is easy to see that for any compact interval [ 4, B] containing o(T),
E(-) must be concentrated on [4, B] and T = [ 3 A dE()). Since we shall be
concerned later on with eigenvalues of well-bounded operators of type (B), we list
the next proposition for ready reference [9, Theorem 17.15(iii)].

(2.5) PROPOSITION. Let T be a well-bounded operator of type (B) on X, and let E(-)
be its spectral family. Then for each s € R, E(s) — E(s~) is a projection acting in X,
and {E(s) — E(s")}X = {x € X: Tx = sx}.

In order to extend the theory of well-bounded operators so as to admit some
operators with complex spectra, J. R. Ringrose, in [21, §8], introduced the notion of
well-boundedness on a curve. Let C be a simple, but not closed, rectifiable arc in the
complex plane C (we shall call such an arc admissible). Let C have the parametric
representation z = y(s), 0 < s < A, where s is arc parameter on C.

(2.6) DEFINITION [21]. Suppose T € B(X). We say that T is well-bounded on C
provided there is a constant K such that for every complex polynomial p

(2.7) lp (T < Kllpllc,

where || pf|c =| p(v(A)) | +var(p, C).

REMARKS. (i) The requirement imposed above that C not be a closed curve is
crucial to the usefulness of the notion defined in (2.6) (see [21, 8.1]).

(i) Because the polynomials are dense in (., the algebra of all absolutely
continuous functions on C equipped with || ||| - [21, Lemma 10}, it is clear that if (2.7)
holds for all polynomials p, then the algebra homomorphism p > p(T) extends to
an algebra homomorphism f+> f(T') of @, and || (T)ll < K || f||| c- In particular, it
follows that o(7 ) must be a subset of C.

The next proposition is contained in [21, 8.5].

(2.8) PROPOSITION. Let C,y be as above, let T € B(X), and suppose T is
well-bounded on C, with (2.7) holding for all polynomials p. Let T be the inverse of v,
and set A = I'(T'). Then A is well-bounded (in fact, A is implemented by (K, [0, A])).
Moreover, T = y(A).

REMARK. Under the hypotheses of Proposition (2.8) o(T') = y(a(A4)), and o,(T)
= v(0,(A4)), where “0,” denotes point spectrum. To see this observe that there are
sequences of polynomials {p,}, {g,} such that || p, — ¥||;o.a; — 0 and [|g, — Tjc
- 0.S0 | p,(A) — Tl - 0and |lq,(T) — All - 0. The desired conclusions are now
easily reached, using the Gelfand representation of a maximal abelian subalgebra of
%®( X) containing T and A to get the first conclusion.
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3. Polar operators. While Definition (2.6) generalizes the notion of well-bounded
operator so that real spectrum is no longer a necessary condition, it still implicitly
requires the spectrum to be contained in a suitable curve (thus not all normal
operators on Hilbert space are well-bounded). In order to obtain a theory free from
such limitations on the spectrum, we introduce the notion of polar operator.

(3.1) DEFINITION. Let T € ®( X). We call T a polar operator if there are operators
R and A4 on X such that R and A are commuting well-bounded operators of type (B),
and T = Re'’.

REMARKS. (i) It follows by [9, Theorem 16.17] that every scalar-type spectral
operator (in particular, every normal operator) is polar.

(ii) The choice of a polar-type decomposition to define a more general notion than
that of type (B) operator is natural from the standpoint of semigroup considerations,
as will be apparent in §4 below. Additionally, it is known (see [12]) that a translation
acting in L?(G) (G a locally compact abelian group, 1 < p < o) is of the form e/,
where A4 is well-bounded (consequently, since the underlying space is reflexive, 4 is
of type (B)). Thus even such a fundamental multiplier operator is covered in a
natural way by the polar-type definition we employ (this theme is further elucidated
in the examples at the end of §4). Note also that the translation operator correspond-
ing to an element of infinite order in G has spectrum equal to the unit circle
[9, Theorem 20.18]; thus such an operator cannot have its spectrum contained in a
simple nonclosed curve, and consequently cannot satisfy Definition (2.6).

The rest of this section will be devoted to the development of the theory of polar
operators. In particular, it will be seen that such operators have a canonical
decomposition (Theorem (3.16) below) and that for operators with real spectrum the
notions of polar operator and of type (B) well-bounded operator are coextensive
(Theorem (3.23)(ii)) below). Throughout the remainder of this section, whenever
T, R, and A are as in Definition (3.1), we shall denote by F(-) and E(-) the spectral
families of R and A, respectively.

(3.2) THEOREM. A4 polar operator is a generalized scalar operator (in the sense of [8]).

PROOF. Let T = Re'”, where R and A are as in Definition (3.1). By [8, Theorem
3.3,p. 106] it suffices to show that R and e’ are both generalized scalar operators
with commuting spectral distributions. Let J, (resp., J,) be an interval of R such that
F(-) (resp., E(-)) is concentrated on J, (resp., J,), and

R =/;®)\ dF()\) (resp., A =/J$)\ dE(A)).

We have that U = (f|J,)(R), for f€ C *(R?), defines a spectral distribution for R,
since f|J, € AC(J,) and

]

ax ||’

For real s, ¢4 = fff e“ dE(N), and so lle”*|| = O(1 + var(e”), J,)). Thus
lle"*Il = O(|s|) as | s| > 0. It follows from [8, Proposition 1.4 and Remark 1.5, pp.

119 (R = o( sup |+ sup
7, 7,
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130, 131] that the equation
o0
V=3 f(n)e™, forf€ C2(R),
n=-o00
defines a spectral distribution for e*4 (where we use f(n) to denote the nth Fourier

coefficient of the restriction of f to the unit circle). Since R and A commute it is clear
that UV, = V.U, for f, g € C*(R?), which gives the required result.

(3.3) PrROPOSITION. If T is a polar operator, then there exist commuting type (B)
well-bounded operators R, and A, such that o(R|) =0, T = Re'", and F,(0) =
e'41F\(0), where F(-) is the spectral family of R,.

PrROOF. Let T = Re'? as in Definition (3.1), and set W= (I — F(0)}X, Y =
{F(0) — F(0")}X, Z = F(0")X. Relativeto X = W® Y © Z, define
R,=R|W®O0|Y®(-R|Z), 4, =A|WSO0|YS[(4+al)|Z].

(Note that W, Y, Z are A-invariant, since 4 and R commute.) Since R|Y = 0 (by
virtue of Proposition (2.5)), R,e’*' = Re'* = T, and R, 4, = 4,R,. Also, o(R,) = 0.
To show that R, and 4, are well-bounded of type (B), it clearly suffices to do this for
the four operators R| W, A| W, (-R)|Z, and (A + #I)| Z. All but the third are
clearly type (B) well-bounded operators. For (-R) | Z, define G(-) on R by setting

— {I - F((‘A)_)} |Z, forA=0,
o= {0|Z’ for A <0.

Obviously, G(+) is a spectral family acting in Z. Pick M > 0 so that o(R) C (-M,M].
Clearly G(-) is concentrated on [0, M]. Set S = | {63, mA dG(A). Thus S is well-
bounded of type (B) on Z, and 6(S) = 0. For x € Z, ¢ € X*, we have,

(5x,9)= M(x.9) = ["(G(V)x, ) N

:fOM<F((-A)‘)x, ) dA.

By [9, Lemma 16.12], F(-)x has only a countable number of discontinuities on R. It
follows that

(sx,9y= ["(F(-N)x, 9y dh = [° (F(\)x, ) dX.
0 -M
But
(Rx,9)=M(x,8)= [ (F(\)x,9) )
= M(x, ¢)—f0M(F()\)x, ) d\ — (Sx, ).
Since x € F(0")X, [{(F(A\)x, ¢) d\ = M{x, ¢). Thus (-R)| Z = S. Finally, it is

easy to see that Y = ker R = ker R, = F|(0)X. It is immediate that e'*'F,(0) = F,(0),
and the proof of Proposition (3.3) is complete.
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A polar operator T is, by Theorem (3.2), decomposable in the sense of [8], and so
we can consider the spectral maximal subspaces M,(8) = {x € X: o,(x) C 8}, for
closed subsets & of C. For 0 < r <s, we write D, for {z € C: r <|z|<3s}.

(3.4) PROPOSITION. Suppose T = Re'“, as in Definition (3.1), and o(R) = 0. Then
forO<r<s,
Mr(D,,) = {F(s) — F(r/)}X.
PrROOF. Let M = M (D, ). Then M is a hyperinvariant subspace for 7. In
particular, M is invariant under R and 4, and o(R| M) C o(R) (this inclusion is
also obvious by virtue of the fact that o( R) does not separate C). Let € be a maximal

abelian subalgebra of (M) containing R| M and 4 | M. Let A € 6(R| M), and let
¢ be a homomorphism of @ onto C, such that ¢(R| M) = X. Then

¢(T| M) = Nexp{i¢p(4|M)} €o(T|M) CD,,,

and soA € [r, s]. Thus (R | M) C [r, s]. Clearly, we now have

(3.5) op(x) Co(R|M) C[r,s] forx e M.
Using [9, Theorem 19.3], we have from (3.5) that
(3-6) M C F(s)X.

It is readily verified (compare the proof of Proposition (3.3)) that (-R) is well-
bounded of type (B) with spectral family A > I — F((-A)"), from which it follows
easily by applying [9, Theorem 19.3] to (-R) that {1 — F(r7)}X = {x € X:ox(x) C
[, +c0)}. This equality, in conjunction with (3.5), gives M C {I — F(r7)} X, and the
inclusion just obtained together with (3.6) shows that

(3.7) M C {F(s) — F(r)}X.

To obtain the reverse inclusion to (3.7), note first that N = {F(s) — F(r7)}X is
A-invariant and T-invariant. Also o(R|N) C [r, s]. By considering the Gelfand
representation of a maximal abelian subalgebra of B(N ) containing R| N and 4 | N,
it easily follows that o(T|N) C D, . The definition of M now gives N C M as
required.

(3.8) PROPOSITION. Suppose T = Re'* as in Definition (3.1), and o(R) = 0. Then
the following inclusion among commutants holds.

(T} C {F(\): X ER}".

PROOF. For s = 0, M;(D,,) is hyperinvariant for T. Thus, by Proposition (3.4),
F(s)X is hyperinvariant for T. Similarly, by taking s sufficiently large in Proposition
(3.4), we get that for r = 0, {I — F(r™)}X is hyperinvariant for T. Since F((r + 1))
— F{(r) strongly as n — oo, we see that {I — F(r)}X is hyperinvariant for T. If
S € {TY}, it is now clear that SF(s) = F(s)S for s = 0. This is trivially valid for
s <0.

(3.9) PROPOSITION. Suppose T = Re'? as in Definition (3.1), 6(R) = 0, and F(0) =
e'“F(0). Then {T}' C {e'"}".
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ProoOF. Let S € {T'}'. By Proposition (3.8), S € { F(A): A € R}’. Hence
R(e'4S — Se'!) =TS — ST = 0.
Since F(0)X = ker R, and since F(0)S = SF(0), we have
e'iS — Se'* = F(0)(e'1S — Se'!) = F(0)S — SF(0)e'* =0,
the last equality by virtue of the last hypothesis.

(3.10) PROPOSITION. Let T = Re'!' = R,e'*>, where, for j = 1,2, the decomposi-
tion T = Rje“/ is as in Definition (3.1). Suppose further that o(R;) =0 for j = 1,2.
Then

DR, = Rz?

(1) if Fj(O)e“'f = F)(0) for j = 1,2 (where F(-) is the spectral family of R;), then

oidi = oids.

PROOF. (i) By Proposition (3.8), F,(r)F,(s) = Fy(s)F,(r) for r, s € R. Moreover,
Proposition (3.4) shows that {F(s) — Fi(r")}X = {F(s) — F(r)}Xfor0<r<s.
It follows by commutativity that F\(s) — F\(r”) = F(s) — E(r7), 0 <r <. Taking
r = 0 gives Fy(+) = E,(-), which proves (i).

(i) Suppose I’j(O)e'AJ = F(0), j=1,2. By (i) we can put R =R, =R,, and
F(-) = F(-),j = 1,2. We have R(e'"' — ¢'*2) = 0. Hence

oAl — pids = F(O)(ei"‘ _ eiAz) =0,
as required.

(3.11) ProposSITION. If T is a polar operator, there exist commuting type (B)
well-bounded operators R, A, with o(R|) = 0, 6(A4,) C[0,27], 27 & 0,(A,) (where
“o,” denotes point spectrum), and F,(0) = e'*F\(0) such that T = R,e'*', where F(-)
is the spectral family of R,.

ProoF. By Proposition (3.3) there exist commuting type (B) well-bounded opera-
tors R, and A4 such that o(R,) = 0, T = R,e'“, and F,(0) = ¢'“F,(0), where F,(+) is
the spectral family of R,. We shall obtain a type (B) operator A, commuting with R,
such that o(4,) C[0,27], 27 & g,(4,) and e = ¢4 To do this, let k, m be
integers with k <0 <m such that EQwk) =0, EQ2Qmm) = I, where E(-) is the
spectral family of 4. Set X; = {EQn(j + 1)) — EQmj)} X, for j =k, k+ 1,...,
(m — 1), and let

m—1
Ay= @ (4 - 2mjD) | X,

J=k
Obviously 4, is a type (B) operator. Since each X; is R,-invariant and AR, = R, 4,
we have that 4, commutes with R,. Moreover, e*o = ¢'* and 6(4,) C [0,27]. Let
Ey(-) be the spectral family of A,, and let Y = ker(4, — 271) = {I — E,27 ")} X.
Put A, = [4,| E)27)X]®[0] Y]. It is clear that 4, is a type (B) well-bounded
operator, that 6(4,) C [0,27], and that e'*1 = e'%0 = ¢’ If 4,x = 27x, then from
the definition of 4, we have

(3.12) AgEy(277)x = 2mx.
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From (3.12) we infer that x € E,(277)X, and so Ayx = 2#x, whence x €
{I — Ey(2m7)} X. This shows that 27 & 0,(4,). Since it is evident that R, commutes
with 4,, the proof of the proposition is complete.

The construction of 4, from A4, in the proof of Proposition (3.11) gives the
following proposition, which we record here for later use.

(3.13) PROPOSITION. Suppose that A, is a type (B) well-bounded operator with
spectral family E(-) such that 6(A,) C [0,27). Then there is a well-bounded operator
A, of type (B) such that o(4,) C[0,27], 27 & 0,(4,), e = e, {4y} C {4},
and

IE/(A)|| < 2sup{||Es(s)|: s €R} + 1, for\ ER,

where E\(-) is the spectral family of A,.

Given 0 < r < 5 < 2, we shall write L, ; to denote {e"’: r < 6 < s}. By Theorem
(3.2), e is a generalized scalar operator, if 4 is a well-bounded operator of type (B).
We now identify the spectral maximal subspaces M,i«(L, ;), 0 <r <s < 2=, when
o(A) satisfies the conclusion of Proposition (3.11). This allows us to obtain a
desirable commutativity result.

(3.14) PROPOSITION. Let A be a type (B) well-bounded operator with spectral family
E(-) such that 6(A) C [0,27] and 27 & o,(A). Then

() M, (L, ) = {E(s) — E(r")}Xfor0 <r<s<2m

(ii) {e™)’ = (4)".

PROOF. (i) Fix 0 <r <s <2, and put M = M,«(L, ), N = {E(s) — E(r")}X.
M is hyperinvariant for e’4 and hence A-invariant. N is clearly 4-invariant. We have
o(A|N) C[r, s]. So by spectral mapping o(e’? | N) C L, . Since M is the spectral
maximal subspace of e’ associated with L, , N C M. If M = {0} the desired
conclusion is trivial. Otherwise we obtain M C N as follows. Since 6(A4) does not
separate the plane, o(A4|M) C 6(A) C [0,27]. Moreover, {e’*: A € 6(4| M)} =
o(e' | M), and the latter set is contained in L, , (by [8, Theorem 15, p. 31]). It now
follows that o(A4 | M) C [r, s]. Since obviously 4 |M is a type (B) well-bounded
operator with spectral family E(-)| M, the desired inclusion follows easily, because
E(-)| M must be concentrated on [r, s].

(ii) Let S € B(X) with Se'* = e'4S. By (i), { E(s) — E(r7)}X is invariant under
S for 0<r<s<2m Since 27 €0, (A4), EQmn’)=1 Let s—27" and get
{I — E(r7)}X is S-invariant for 0 <r <2#. Let {r,} be a strictly decreasing
sequence in (r,2w) such that r, - r. Then E(r ) > E(r) strongly, and so
{I — E(r)}X is S-invariant for 0 <r < 2 (this holds trivially for r = 2#). In a
similar fashion, if we fix s, and let r - 0% in {E(s) — E(r7)}, it is seen that
{E(s) — E(0)} X is S-invariant for 0 <s < 2.

Next we show that E(0)X = ker(e’? — I). Since E(0)X = ker 4, it is obvious that
E(0)X C ker(e'* — I). Put Y = ker(e' — I). We can assume that Y # {0}. Obvi-
ously Y is invariant under E(A) for all A € R, and 4 | Y is a type (B) well-bounded
operator with E(-)| Y as its spectral family.
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{e*Ae0a(4]Y)} =0(e"|Y) = (1}
Since 6(A | Y) C[0,27], we have o(A4 | Y) is contained in the doubleton set {0,27}.
In particular, by Proposition (2.1)(iii), E(-)| Y is constant on (0, 27 ). If this constant
value were not /| Y, 2 would belong to 0,(A4 | Y). Thus E(-)| Y = 1| Y on [0,27].
Obviously, then, 4|Y = 0] Y, and we have that Y C ker A, which establishes our
claim that E(0)X = ker(e’? — I). Since S commutes with e’4, the latter set, and
hence E(0)JX, is S-invariant.

For 0 <s<2w, the S-invariance of {E(s) — E(0)}X and E(0)X shows that
E(s)X is S-invariant. Since we have shown previously that {I — E(s)}X is S-
invariant, it now follows that E(s) commutes with S for 0 < s < 2. Since E(s) -
E(0) strongly as s » 0", it is clear that S commutes with E(A) for all A € R, and
hence with 4. :

(3.15) PROPOSITION. Let A,, A, be well-bounded operators of type (B) such that for
j=12,0(4;) C[0,27] and 2w & a,(A,). Then e'' = e implies A, = A,.

PROOF. Suppose e’ = e/2, and for j = 1,2, let E;(-) be the spectral family of 4.
By Proposition (3.14)(ii), E,(r)E,(s) = E,(s)E(r) for all r, s € R. By Proposition
(3.14)(d), {E\(s) — E(r)}X = {Ey(s) — Ex(r)}X for 0 <r <s<2x. Thus E|(s)
— E\(r7) = Ey(s) — Ey(r") for 0 <r < s <2, since the two sides of this equation
represent commuting projections with the same range. Let s — 27~ and get E,(r7) =
E,(r7) for 0 < r < 2. It follows readily that E\(-) = E,(-) on (0,2), and hence on
R. The proof of the proposition is complete.

We summarize the preceding results of this section in the next theorem.

(3.16) THEOREM. Let T be polar. Then T has a decomposition

(3.17) T = Re'*

such that
(i) R and A are commuting well-bounded operators of type (B);
(i) o(R) = 0;

(iii) F(0)e'? = F(0), where F(-) is the spectral family of R;

(iv) o(A4) C [0,27] and 27 & o,(A).
Properties (i) and (ii) determine the operator R in (3.17) uniquely; properties (1)—(iii)
determine e’ uniquely; properties (i)—(iv) determine A uniquely.

DErFINITION. If T is a polar operator, the unique decomposition (3.17) such that
(1)—(iv) of Theorem (3.16) hold will be called the canonical decomposition of T.

(3.18) THEOREM. Let T be a polar operator with canonical decomposition T = Re'4,
Then
(i) the commutants of T, R, and A satisfy {T}' = {R}' N {A4}’;
(ii) T is quasinilpotent = T =0 < R = 0;
(iii) let 7 =(0,27) N arg[o(T )\ {0}], where “—" denotes closure, and arg:
C\ {0} - R is the branch of the argument function such that 0 < arg z <2m. The
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chain of inclusions
(3.19) nCo(4) CnU {0}
holds.

PrOOF. Conclusion (i) is contained in Propositions (3.8), (3.9) and (3.14)(ii). The
Gelfand theory, applied to a maximal abelian subalgebra of B( X) containing R and
A, shows that o(R) = {|w|: w € o(T)}. Since a quasinilpotent well-bounded
operator is 0 (see the remark following Proposition (2.1)), (ii) is evident.

We now turn our attention to the demonstration of (iii). If T is quasinilpotent,
then by (ii), (3.19) is trivial. So we assume that o(T')\ {0} is not empty. We first
show

(3.20) n=1(0,27) N o(A).

It is easy to see with the aid of Gelfand theory that (0,27) N arg[o(T)\ {0}] C
o(A) N (0,27). This gives n C(0,27) N o(A). To obtain the reverse inclusion for
(3.20), suppose A € (0,27) No(A). Let 0 <r<A<s <2 If E(s)— E(r) =0,
then E(-) is constant on (r,s) and A € (r, s) C p(A4). This contradicts the hy-
pothesis on A, and so {E(s) — E(r)}X # 0. Next observe that for some ¢ >0,
Y, = (I — F(e)}{E(s) — E(r)}X # 0. For, if no such & exists, then letting ¢ - 0"
we get {I — F(0)}{E(s) — E(r)}X = 0. Consequently {E(s) — E(r)}X C F(0)X.
Since e'4F(0) = F(0), F(0)X C ker(e’? — I). As shown in the proof of Proposition
(3.14), ker(e' —I) = E(0)X; so we have {E(s) — E(r)}X C E(0)X. This last
inclusion implies E(s) — E(r) = 0, which is false. Hence we shall choose ¢ > 0 so
that Y, = {I — F(&)}{E(s) — E(r)}X # 0. Using [9, Theorem 16.2(ii)], we see that
o(R|Y,) Co(R|{I— F(e)}X) C [e, +0). Also we have

o(A4|Y,) Co(4|{E(s) — E(r)}X) C[r.s].

By Gelfand theory, the nonvoid set o(T'|Y,) is contained in {pe”®: p=¢ and
r<@<s). Since T|Y, is a direct summand of T, o(T|Y,) C o(T). Thus
arg[o(T)\{0}] intersects [r, s]. In view of the arbitrariness of r and s, we have
shown

(3.21) (0,27) Na(A4) C1.

In particular, (3.20) is established. The first inclusion in (3.19) is immediate from
(3.20). In view of (3.21) the second inclusion in (3.19) holds if we show the
implication 27 € o(A) = 27 € 7. Suppose 27 € o( A). If some open interval (r, 27),
0 <r <27, does not intersect o(A4), then E(-) is constant on (r, 27 ). This constant
value of E(-) is EQQn") =I. It follows that 2w € p(A), contradicting our hy-
pothesis. Thus 27 €0(A4) N (0,2). By (3.20) the proof of the theorem is complete.

For convenience we record in the next proposition a fact mentioned in the proof
of Theorem (3.18)(ii).

(3.22) PrROPOSITION. Let T be a polar operator with canonical decompositon T =
Re'*. Then o(R) = {|w]|: w € o(T)).
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(3.23) THEOREM. Let T be a polar operator. Then

(i) T is of the form e'*, where A is well-bounded of type (B), if and only if o(T) C T,
where T is the unit circle {z € C: |z |= 1}.

(ii) T is well-bounded of type (B) if and only if 6(T) C R.

PROOF. (i) Suppose o(T) C T, and let T = Re'“ be the canonical decomposition
of T. By Proposition (3.22) o(R) = {1}. Since R is well bounded, it follows by
Proposition (2.1)(ii) that R = I.

(i) The “only if” assertion is evident. Conversely, suppose o(7T) C R, and let
T = Re'“ be the canonical decomposition for T. Let F(-) and E(-) be the spectral
families of R and A, respectively. By Theorem (3.18)(iii) 6(A) is contained in the
doubleton set {0, w}. It is easy to see from this that E(-) = E(0) on [0, 7), and
E(:)=1Ion [n,27). So A =«(I — E(0)). Let P =1 — E(0) = E(7) — E(7"). Let
X, =PX={x€ X: Ax =nx}, and X, = (I — P)X = ker 4. It is now easy to see
that T = [(-R) | X,] ® R| X,. Since each of the direct summands is a well-bounded
operator of type (B) on the indicated subspace, T is well-bounded of type (B) on X,
as required.

We conclude this section with a theorem which affords a link between well-bounded
operators on curves and polar operators. We continue to use “arg” as described in
Theorem (3.18)(iii).

(3.24) THEOREM. Let X be reflexive, let C be an admissible arc, and let T € B(X)
be well-bounded on C. Let C have the parametric representation z = y(s), 0 <s < A,
where s = arc parameter. Suppose

(i) there is a partition s, =0 <s, < ---<s5,= A of [0, A] such that on each
closedsubinterval[sj_,, sj],j = 1,2,...,n,|y(+)| is monotone;

(ii) there is a partition uy =0 <wu, < ---<u, = A such that on each open
subinterval (u;_y, u;),j = 1,2,...,m, arg y(-) is monotone.

Then T is a polar operator. (Note: in each of (i) and (ii) above we do not assume the
same trend (increasing or decreasing) from subinterval to subinterval.)

PRrOOF. By Proposition (2.8) there is a well-bounded operator W implemented by
(K,[0, A)) (for some constant K) such that T = y(W). Since X is reflexive W is of
type (B). Let H(-) be the spectral family of W, let J = [0, A}, and let ¢ (= ¢ ;) be
the homomorphism of BV(J) in Proposition (2.3). Then clearly y(y) = T. If the
origin lies on C, then y assumes the value 0 at only one point #, which must be one
of the partition points u; in (ii). In this case, as a convenience, we set arg y(i) = 0.
In any event, arg y(-) € BV(J) and y =|v|e'®®Y on J. Thus T = [(| y |)]e’¥@e 7.
Let R = y(] v|), 4 = Y(arg y). Obviously R and A commute. To complete the proof
we show that R and A4 are well-bounded. To see this for R, let p be any polynomial.
Then

(3.25) le(RI=[¢( 2 (I¥D)] < Kl (VDI

Because of the montonicity assumption in (i), we have for j =1,2,...,n that

var(p(| ¥ ), [s;- 1, 5,]) < var(p,[0, M]), where M =sup,|y|. Thus [|p(|vD|l, <
sup,, M]| p| tnvar(p,[0, M]). In conjunction with (3.25) this shows that R is
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well-bounded. Similarly,
(3:26) ()] < K llparg NI ;-

On each subinterval [4;_;, 4;] in (ii) arg y has a right-hand limit «; at u;_, and a
left-hand limit &; at u;. It is easy to see that

var(p(arg Y), [uj—la “j]) <var(p,[0,27]) + |P(aj) - P(arg Y(uj—l))|
+|p(&) — p(arg v(u)))|-
Thus we have
(3.27) var(p(argy),[uj_,,uj]) < 3var( p, [0,27]).
It is immediate from (3.27) that

llpGrg I, < sup |p| + 3mvar( p, [0,27]).

This, in conjunction with (3.26), shows that 4 is well-bounded, as required.

4. One-parameter semigroups of polar operators. Suppose that {7;}, 1=0, is a
strongly continuous semigroup of polar operators, that each 7, has the canonical
decomposition R,e':, and that the spectral families of the A, are uniformly
bounded. In this section we show that the families {R,} and {e'*}, =0, are
necessarily strongly continuous semigroups. We then investigate the structure of the
latter two semigroups.

(4.1) LEMMA. Suppose S, and S, are commuting well-bounded operators of type (B)
on X, and Q is a quasinilpotent operator on X such that S, = S, + Q. Then Q = 0.

PROOF. Let G,(-) be the spectral family of S,, kK = 1,2. Let i be one of the indices
1,2, and j the other index. If A € Rand x = G,(A)x, then clearly

(4.2) as,(x) go(Sj|G,.(}\)X) = O(SilGi(A)X)'
By [9, Theorems 16.2(ii) and 19.3], we get from (4.2) that G (A)X = G,(A)X for
A € R. By commutativity G,(-) = G,(*), and the lemma is shown.

(4.3) LEMMA. Let G be a spectral family concentrated on the compact interval [a, b],
let f be a strictly increasing continuous function on [a, b), and let g: [ f(a), f(b)] - [a, b]
be the inverse of f. Then | [f, »)f(A) dG(A) is a well-bounded operator of type (B) with
spectral family H(-) given by

I, for A = f(b),
(4.4) H(A) =1G(g(A)), forA €[f(a), f(b)],
0, for A < f(a).

PROOF. It is easy to check directly that (4.4) defines a spectral family H(-)
concentrated on [ f(a), f(b)), and that
@

5]
[ fN) d6(x) = pdH(p).
[a,b] [f(a).f(B)]
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(4.5) THEOREM. Let {T,}, t = 0, be a strongly continuous one-parameter semigroup of
polar operators on X. For t =0 let T, have the canonical decomposition T, = R,e'*:,
and let F,(-) (resp., E,(+)) be the spectral family of R, (resp., A,). Then if

sup{llE,(A)Il: =0, ER} < + 0,

we have
(i) the families {R,},=, and {€'4'},. are strongly continuous semigroups,
(ii) for t = 0, R, is one-to-one;
(iii) For t >0 R, = [ g\ dF,(X), where B = max o(R,).

PROOF. The demonstration is modeled after a proof by A. Sourour for semigroups
of scalar-type operators [24, proof of Theorem (4.4)]. However, in adapting Sourour’s
proof to the present situation, considerable care is necessary, because the tools for
handling well-bounded operators differ markedly from those for scalar-type opera-
tors.

Notice that

{R:t=0} U {4,:1=0} U ({T,;:t=0}
U{E():t=0,A€R} U {F(A):1=0,A ER}

is a commutative family. Since R e'“° is the canonical decomposition of I, we have
trivially that R, = I, A, = 0. For 1 = 0, we let U, = e'*:. For n a positive integer and
t=0,R,e" =R}, " By Lemma (4.3) and Proposition (3.10)(i),

(4.6) R,=R;, and F(X)=F,(N/") forA=0,

whenever ¢ = 0 and n is a positive integer. If x € X, u >0, and T, x = 0, then
F(0)x = x. By (4.6), F, ,,(0)x = x,and so T, ,,,x = 0 for every positive integer n. By
strong continuity of {7}, x = 0. Thus 7, is one-to-one for ¢ = 0, which is equivalent
to conclusion (ii) of the theorem. So F,(0) =0 for = 0. We write ¢ for the
homomorphism of BV[0, 8] corresponding to F,(-) and [0, 8] as in Proposition (2.3).
For ¢t >0, let f;: [0, 8] — R be given by f(A\) = X. Set S, = y(f) for t >0 and
So = I. Clearly {S,}, t =0, is a semigroup, and o(S,) = 0 for ¢ = 0. Moreover, the
penultimate conclusion of [9, Theorem 17.16] shows that {S,} is strongly continuous
on [0, + o). It follows from Lemma (4.3) that S, is well-bounded of type (B) for
t > 0 with spectral family H,(-) satisfying

(4.7) H,(\) = F(N/") forA=0.

Use of (4.7), in conjunction with (4.6), shows that F, ,(A\) = H, ,,(A) forA=>0,n a
positive integer. Hence S, ,, = R, ,, for any positive integer n. If m is a positive
integer, then T, ,, = T}7,, and application of a_previous argument shows that
R, ,, = RY,,. Thus

(4.8) R,=S,, fortrational,t=0.

For each positive integer n let X, = [I — F,(1/n)]X, and put X, = U>_ X,. Note
that {X,)%_, is an increasing sequence of subspaces, and X, is a dense linear

manifold in X. Observe also that by virtue of (4.7) S, is one-to-one for ¢ = 0. It is
easy to see that for 1 = 0 and » a positive integer X,, is invariant under S,, and S, | X,
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is invertible in B(X,). In particular X, C S,X for = 0. For t = 0 we define the

linear transformation V,: X, - X by setting V, = (T,S;") | X,. From (4.8) we have

V, = U,| X, for ¢ rational, t = 0. Let ¢, be nonnegative and {¢,}¥_, a sequence of

nonnegative rationals convergent to ¢,. Fix a positive integer n. For each k define

h, € AC[0, B] by setting i, (A) = n'* for0<A<n' and h,(A\) =X  for n”' <A

< B. Similarly define 4, by replacing ¢, by ¢ in the foregoing. It is easy to see that if

x € X,, then S 'x =y(hy)x for all k, and S'x = y(hy)x. Again we use the

penultimate conclusion in [9, Theorem 17.16] to get

S 'x - S 'x forall x € X,, whenever ¢, > 0 and

(4.9) . 0
{t,} is a sequence of nonnegative rationals convergent to 7.

With {t,}, 1, as in (4.9), it follows from the strong continuity of {7}, that {IIT, ||}

is uniformly bounded. Thus we have for x € X, V, x = T,kS,;‘x - V, x. Since each

t, is rational, V,kx =U,x, and so

(4.10) Ux— V,x forallx € X, whenever{t,}, ¢, are as in (4.9).

For each1 = 0, U, = e'* = [{3,, " dE/()). Thus we have

(4.11) ||Ull< K[1+27] fort=>0, where K = sup{||E,(X)]:1=>0,\ €R}.

Since X, is dense in X, it follows from (4.10) and (4.11) that

for each 7,=>0, ¥V, has a unique extension to a bounded
(4.12) linear operator ¥, on X; if {1} is any sequence of nonnega-
tive rationals convergent to 1, then U, — V, strongly on X.

From the characterization of V by strong convergence given in (4.12), it is clear that
for t =0 ¥, commutes with S and 7, for all r =0, and with {F,(A): A € R}. If
x € X, r=0, and ¢ = 0, then

Vierx =T, 8 x = TT(S]'S'x) = TV, 8 'x.
Hence V,,,x = T,S,'V,x = V;V,x. So V,,,, = V,V, for r, t = 0. Since ¥, = U,| X, for
t rational and nonnegative Vo=1,andso {V,},~¢isa semigroup
Next we show that o(V )CT fort,=0. Let o (V ) be the approximate point

spectrum of V For some s = 0, ¢, + s is rational; hence v, V U,+s Since U,
is invertible, and V commutes with V,, 0 € p(V ). Nowletp € C \T Forallt = 0,

(b= U) =f[0®2ﬂ](ﬂ— e™) " dE,(N).

So we have ll(p — U)™'ll < K||(n — €™)7'[ll 02- It follows that for p € C\T there
is a constant M, such that ||(p. — U)'l< M, for all 1 = 0. Let {z,} be a sequence of
nonnegative rauonals convergent to t,. By (4 12) v, - V strongly on X. For x € X,
Ixlt < M,l(p — G, )xII for all n. Thus o, (V ) is dlSjOll‘lt from C\T. Suppose there
were a pomt ¢ in o(V )N [C\T]. Let § be the component of C\T containing ¢.
Since 0 € p(V ), § contains a point w of p(V ). Join { to w by a curve C contained
in 6. Obwously C contains a point in the boundary of o(V ). Since the boundary of
o(V ) is contained in o, (V ), we have reached a contradlctlon So o(V,) C T for
1> 0.
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For ¢ = 0, we have, using the definition of V,
(4.13) RU=T,= VS =SV,

Obviously {R,, U, S,, V,} is a commutative family, and it further follows from (4.13)
that R, = S, + Q, where Q, is quasinilpotent. By Lemma (4.1), R, = S, for t = 0.
From what has already been shown for {S,},.,, we have that {R,},., is a strongly
continuous semigroup, and conclusion (iii) of the theorem holds. It remains to show
that {U},~, is a strongly continuous semigroup. From (4.13) we now see that
R(U,— V,)=0 for t =0. In view of conclusion (i), we get U, = ¥, for 1 > 0. In
particular {U},., is a semigroup. Next suppose that ¢, = 0 and {¢, }7_, is a sequence
of nonnegative numbers convergent to ¢,. The argument used to establish (4.10) can
now be employed to show that ¥V, x - V, x for all x € X,. Hence U, x — U, x for
x € X;. It now follows from (4.11) that {U},., is strongly continuous. This
completes the proof of the theorem.

As a corollary we obtain a result of Dr. D. J. Ralph [19, Theorem 2.3.2]. This
corollary is the analogue (for well-bounded operators of type (B)) of the Hille-Sz.
Nagy theorem for selfadjoint operators [14, Theorem 22.3.1].

(4.14) COROLLARY. Let {T,},~( be a strongly continuous semigroup in B( X), with
each T, a well-bounded operator of type (B) whose spectral family is F,(-). Then
(1) fort =0, 0(T,) = 0, and T, is one-to-one;
(i) sup{Il E,(MIl: = 0, A € R} < +o0;
(iii) there is a unique spectral family P(-) such that for some constant b € R,
P(A) =1 for A\ = b, and

Tx = lim ae)"dP()\)x, t=0,x € X;

t
a—+o gy

(iv) the infinitesimal generator Q of {T,},~, with domain D(Q), is given by
NR) = {x € X: lim /a)\ dP(}\)xexists},
a—>+oc Vg

@x= lim fu)\a'P(}\)x, forx € N(Q);

a— too
(v) an operator S € B( X)) commutes with T, for all t = 0 if and only if S commutes
with P(X) for all A € R.
Conversely, if P(+) is a spectral family such that for some constant b € R, P(A\) = I
for \ = b, then the expression for T,, t = 0, in (iii) above defines a strongly continuous
semigroup of well-bounded operators of type (B).

PROOF. Since T, = sz, it is clear that o(7,) =0 for + = 0. Thus each T, is
essentially already expressed in terms of its canonical decomposition with R, = T,

A, = 0. By Theorem (4.5) we have that (4.14)(i) holds and for > 0,

(4.15) T,= [ XdF()), where § = maxo(T,).
[0.8]
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Conclusion (4.14)(ii) follows from Lemma (4.3) and (4.15). If we define P(-):
R - B(X) by setting

(4.16) P(A\)=F,(e*), AER,
then it is easy to see that P(-) is a spectral family such that P(A) = I for A = log 3,

and that (4.14)(iii) holds for this particular spectral family. If Q(-) is any spectral
family satisfying (4.14)(iii), then define H(-): R - $( X) by setting

HQ\) = Q(logA), forA >0,
0, for A < 0.
It is obvious that H(-) is a spectral family concentrated on [0, e®], and that
T, = j[‘geh])\ dH(M). Thus H(-) = Fy(-) on R, and so Q(-) is the particular spectral
family P(-) defined in (4.16). This proves (4.14)(iii). The conclusion (4.14)(v) now
follows from (4.16) and (4.14)(iii).
We now take up (4.14)(iv), beginning with the observation that if p > log 8, then
[10, Theorem VIIL.1.11] p € p(&) and

+ 00
(4.17) R(p, @)x :f e MTxdt, forx € X.
0

We fix a number p > log B. It is easy to see that ['€A(u — N)~'dP(\) converges in
the uniform operator topology, as a — + oo, to some operator M € %( X). Suppose
Ao <logBand x = [I — P(Ay)]x. For 1 =0, T,x = [\°%Fe* dP())x. Application of
an arbitrary ¢ € X* to this equation and an integration by parts give
(4.18) (T, 6= B(x. )= [F(P(\)x, o)1 dN.
A0
Apply ¢ to (4.17), substitute (4.18), and interchange the order of integration to get
- log B -
(R(p, @)x, )= (x,9)(n— log ) —/A"g (P(N)x, ¢)(p—A) 7 dA.

0
Another integration by parts shows that ( R(p, @ )x, )= (Mx, ¢). Hence
(4.19) R(p, Q) =M.

If ye (&), let z=(p— @)y. So y = R(n, @)z = Mz. For u>|log B|, use the
definition of M to get

u log B
[ =2y ap )y = [ = 2) ap )|tz =[1 - P
Letting u — + oo, we see that lim,_ ; , [ A dP(A)y exists and

py — lim /u}\dP()\)y-——z =py— Qy.
u—+oo vy

So lim,_ 44 [“AdP(A)y = @y. On the other hand, if x € X and
im,_ ;o [“AdP(A)x = w exists, then lim,_ ,,['®A(u—A)dP(A)x = ux — w.
Using the definition of M and (4.19) we have x = M(px — w) = [R(g, @))(px — w).
So x € (&), and (4.14)(iv) is demonstrated.

To prove the final assertion of the corollary, suppose P(-) is any spectral family
such that for some b € R, P(A) = I for A = b. Let H(-) be the spectral family given
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by H(A) = P(log A) for A >0 and H(A) =0 for A < 0. It is easy to see that for
t>0,
a &)
lim [ eMdP(A)x :f p dH(p)x forx € X.
a—+oo vy [0.e")

Thus (4.14)(iii) defines a family {7,},., such that 7, = f[%,eh]u‘ dH(p) for t > 0 and
T, = 1. It is evident from this latter characterization that {7},., has the required
properties.

We now turn our attention to the semigroup {e*4'},_, in Theorem (4.5). Notice
that if we define A_, = -4, + 2 for ¢ > 0, then by [14, Theorem 16.3.6] {e'*},c is
a strongly continuous group. Moreover, for ¢t € R, 4, is well-bounded of type (B)
and o(A,) C [0,27]. The spectral families of the operators 4,, t € R, are easily seen
to be uniformly bounded. We are thus led to seek an analogue for the present
context of Stone’s theorem [14, Theorem 22.4.3] on one-parameter unitary groups.
This goal is accomplished in Theorem (4.20) below. It should be noted, however, that
the validity of an analogue is by no means self-evident. The present context and that
of Stone’s theorem are quite different, in part because in the general setting spectral
families are not associated with projection-valued measures, but are, roughly speak-
ing, involved with conditional convergence (as illustrated in the example concerning
LP(T) at the end of this section). In particular, the analogue of the integral
representation for a unitary group is not a priori guaranteed to be meaningful in the
present context, since no projection-valued measure is involved. As will also be seen,
the proof of the generalization of Stone’s theorem requires more machinery than
Corollary (4.14).

Throughout the rest of this paper, a convergent series of the form 2°___u, will
signify the sum [Z2_,u, + 22 ,u_,], where each of the series inside the brackets
converges.

(4.20) THEOREM. Let {T,},cp be a strongly continuous one-parameter group of
operators on X with infinitesimal generator G. Suppose that {T},cg satisfies the
following two conditions: (a) for each t € R, T, = e'*:, where A, is a well-bounded
operator of type (B) such that 6(A,) C [0,27]; and (b) sup{llE,(A)ll: t, A ER} =K
< + 00, where E () is the spectral family of A,, for t € R. Then

(1) There is a unique spectral family &(-) for X such that

T,x = lim ue”"d&()\)x, fort ER, x € X.

u—+oo vy
(i) {T;: t €RY = {6(A): A ERY".
(iii) The domain of S, D(8), equals

[xEX: lim fukdé}()\)xexists],

u— + oo

and

§(x) =i lim f“)\dfé()\)x for x € D(8).
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PROOF. By virtue of Proposition (3.13) we shall assume, without loss of generality,
that 27 & o,(4,) fort ER; s0 T, = e is now the canonical decomposition of T},
and E2n")=1,fort €R. Also, {T: t ER} U {A4,;:t ER} U {E(A):t, A ER} is
a commutative family. Let k be a positive integer. The projections

- . |
Qk,,=E1/k[(2ﬂj—k—l) ]—El/k[(Zw%) ] forj=0,1,....k—1

have sum equal to /, and satisfy Q, 0, =0 for i #j. Let X, ;= Oy ; X, for
j=0,...,k—1.Let4, = D/ (kA i — 2m)) | X, ;. It is easy to see that 4, is a
well-bounded operator of type (B), 0(A4,) C [0,27], and

(4.21) exp(id,) = exp(ikA, ) = T}, = T, = exp(id,).

We now show that 27 & op(A~,(). Suppose A,x = 2mx. Let x; = Qy x for j=
0,...,k — 1. Then SXZ)(k4, ,, — 2mj)x; = Z+Z;2mx,. Thus for each j, 4, ,x, =
2n(j + Dk'x,. So x, = (E, ,[2n(j + 1)/k] = E, ,[@n(j + 1)/k)]}x,. Apply
Q~k~ ; to both sides of this equation to get x; = 0. By (4.21) and Proposition (3.15),
A, = A,, or, equivalently

(422) A, — k™4, = k_g:zwjk-'{ls,/k[(zw%)-] - E,/k[(zwi)—]}

j=

for each positive integer k.

Foreacht € R, let U, = T,e™""*1 (cf. Nagy’s work reproduced in [20, pp. 381-383]).
It is obvious that {U,},cg is a strongly continuous group of operators on X with
U, = 1. The plan of the proof is to obtain a description of the periodic group {U,},cg
which will enable us to reach the required conclusions about {7}, . The periodicity
of {U},cg gives us certain facts about (C, 1)-summability automatically (see, e.g.,
(14, proof of Theorem 16.7.2]). Specifically, for each n € Z, let P, = [le~"""'U dt,
the integral being taken as the strong limit of Riemann sums. It is straightforward to
see that

(4.23) UP,=e?" P fors€Randn € Z.

Hence from the definition of {P,}°. __, each P, is a projection, and P,P,, = O for
n # m. From the periodicity and strong continuity of {U,},cg, coupled with the
standard facts about the Fejér kernel we have

oC
(4.24) U = (C,1)-sumof 3 e?™"'P, in the strong operator topology,

n=-oc
for eacht € R.
In particular, from the definition of {P,}*°.__ and (4.24), we have

n=-o0

(4.25) (U:1eRY = (P:neEL),

Our first goal beyond the above standard facts about {U,},cg is to show that in the
present setting the series on the right in (4.24) converges in the strong operator
topology. For convenience we shall write E%)(+) instead of E, ,2+(+) for each positive
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integer k. From (4.22) we have
2k_

(4.26) U o = 2182""/2k{E‘k)[(27rj ;—kl )-] - E(")[(brzlk)—]}.

j=0

Now let n be a fixed but arbitrary nonnegative integer. Let k be an integer such that
2k —1>nIf

n+1\ n \~
x € {E(k+l)[(2ﬂ vos ) ] _ E(k+l)[(2"2k+| ) ]}X,

then by (4.26), (U, ,p+1)(x) = €>""/*"'x. So (U, ,,1)x = (U, Jpe1)ix = e2mn/ 2y,
Thus, using (4.26) again, we have that

x€ {EU‘)[(zw"z—tl)_] - E<k>[(2w%)—]}x

Thus, writing H, , for {E®[Qa(n + 1)/2%)7] — E®[27n/2%)7]}, we have

(4.27) H,, ., XCH,, X for2—1>n=>0.
Using (4.23) and (4.26) we see that
(4.28) PXCH, X for2¥—1>n.

Suppose m € Z, m # n. Obviously there is some k, such that 2 — 1 >n and
m — n & 2%oZ_ 1t follows by (4.23) and (4.26) that H, x,Pm = 0, and hence by (4.27)
that H, , P, = 0 for k = k. Combining this with (4.28) gives

(4.29) H, x> Px ask - +ooforx € X,

n

where X, is the linear manifold spanned by the subspaces P, X for j € Z. However,
by hypothesis (b) the projections H, , are uniformly bounded, while (4.24) for t = 0
shows that X; is dense in X. Applying these facts to (4.29) we have that for N € Z,
N=0,

N N
(4.30) Y P, = ) lim Y H,, in the strong operator topology of B( X).
n=0 —too -9

Recalling the definition of H, ,, we notice that 3)_,H, , = E®[2n(N + 1)/2%)7].
Thus, in view of hypothesis (b) and (4.30),

N
2 P,

n=0

(4.31) <K forN=0.

Since it is obvious that Z°_ P x converges for x € X, and X, is dense in X, we get
from (4.31) that

0
(4.32) Y P, converges in the strong operator topology of B ( X).
n=0
We next prove the strong convergence of 3%_,P_,. Observe that the one-parameter
group {T_,},cg satisfies all the hypotheses employed above for {T,},cg, and so we
obtain, as above, a periodic group {V,},cg With corresponding “Fourier coefficients”
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(B> _..Fort €R, V,= T exp(-itd_)). Let
A= (-4, +27)|{I — E,(0)} X ® 0|E,(0) X.

It is easy to verify that A is well bounded of type (B), a(A) C[0,27), 27 & o (A)
and e’ = e~ = (T))™" = exp(id_,). So A_, = A, and we have

(4.33) V,=e U |{I—-E(0)}X® U|E0)X, forteR.

For n€Z and x € {I — (O)}X (resp., x € E(O)X), we have Px =
Jge 2™"V,x dt, and so, by (4.33), P,x = P_,,,,)x (tesp., P,x = P_,x). Since $2_, P,
must converge in the strong operator topology of %(X ), by adaptation of the
corresponding result for {U,},cg to {V,},cg. it follows from what has just been shown
that 3%_, P_, converges in the strong operator topology of %®(X). Combining this
fact with (4.32) and, for ¢t = 0, (4.24), we get

[e o]

> P, converges in the strong operator topology with sum equal to .

n—=-o0

From this and (4.23) we arrive at the following for 1 € R,

(4.34) U= Y e™m™P,, the series converging in the strong operator topology.
n=-oo

Let G, be the infinitesimal generator of {U,},cg. It is obvious from (4.34) that for
n€Z P,XC{x€DS): Sx=2minx}. Thus, if x € X and Z2___ nP,x con-
verges, then, since §; is a closed operator, x € () and §yx = Z2___ 2minP,x.
Conversely, if x € 6D(@O), let A be a positive real number, and set y = (A — §;)x. By
[10, Theorem VIIL1.11], A € p(§,), and R(A, )P,y = [y ®eMU,P,ydt, for all
n € Z, where R(-, §,), denotes the resolvent of §,. Using (4.23) in the integral, we
obtain R(A, 6,)P,y = (A — 2min)"'P, y. Thus

x=R(\,&)y= 3 (A—2min)"P,y,

n=-o00
and so for all n € Z, P,x = (A — 2min)"'P,y. Hence Z%
have established

nP,x converges. We

n=-o0

(4.35) D(G,) = {x EX: Y nPx convergcs}, and

n=-o0

0
> 2minP,x, forx € D(§,).

n=-co
As an immediate consequence of (4.35) we have
(4.36) P.X={x€D(8): §x = 2minx}, foralln € Z.

We now return to consideration of the group {7;},cg. From the definition of
{U},cr> wehave fort ER, x € X,
[ee]
(4.37) Tx= Y e"e?mmp x.

n=-oo
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For convenience, define the spectral family E,(-) by setting E(A\) = E,(27\) for
A € R. Then E (-) is concentrated on [0, 1], and for t € R, e"1 = [, ,e>"* dE\(}).
With an obvious change of variable, (4.37) now becomes

0
® . -
(438) Tx= 3 [[ 2N gE (A —n)|P.x, fort ER,x€E X.
n=-o00 “[n.n+1]

Now for each A € R, define M(A) by setting

A]—1

M(A) = 2 P, + P[)\]El(}‘ = [AD),

n=-o00
where [A] denotes the greatest integer less than or equal to A. Since 4, €
{U: t€RY, it follows from (4.25) that {E(A): AERYU (P, n€Z} is a
commutative family. It is now straightforward to check that M(-) is a spectral
family. It is also straightforward to check that forn € Z,t € R, x € X

(4.39) [ f[ ® HlewA dE,(A — n)] P,x = 2P E (0)x — e*™""* VP E (0)x
n,n

+ e dM(\)x.
[n,n+1]
Since (4.34) shows that I __e2""P, E (0)x = U,E (0)x, substitution of (4.39) in
(4.38) gives
[o¢]

(4.40) Tx= erm A dM(X)x, fort ER,x € X.

n=-oo “[n.n+1]

So

Tx = lim "™ dM(A\)x, fort €ER,x € X.
n—+00 J[-n, nj|
For u >0, M(u)[{4*'e*" ™ dM(A\)x = [{,e*" dM(A)x, and it follows from the
convergence of the series in (4.40) and the uniform boundedness of M(-) that
[[';]e”"”‘ dM(A)x - 0 as u - +oo. Thus, using (4.40) again we see that
lim,_ 4, [o'e?™* dM(A)x exists. In a similar fashion we see that
lim,_ ;. /%e™ ™ dM(X)x exists. So we have '

(4.41) Tx= lim [ e dM(\)x, fort €R,x € X.

u—+oo vy

Next, we observe that if § € {7,: + € R}, then, in particular, S commutes with 4,,
and so with U, for all r € R. Hence

{(T:teR)Y C{P:neZ)y n{E(X):AER}) C{M(A):AER}.
This, in conjunction with (4.41), gives
(4.42) (Tt eRY = {M(X): A\ ERY}".

Suppose that J(-) is a spectral family such that (4.41) holds with J(-) in place of
M(-). We show that J(-) = M(-). Obviously {7,: t €R} U {J(A): AER} is a
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commutative family; hence by (4.42) so is the union of this family with {M(A):
A € R}. Let u be an arbitrary positive number, temporarily fixed, and let X, =
[M(u) — M(-u)][J(u) — J(~u)] X. Clearly X, is invariant under J(-) and M(-).
Denote their respective restrictions to X, by J(-) and M(-). It is easy to see that J(-)
and M(-) are spectral families for X, such that M(A) = J(A\) = I | X, for A = u, and
M(A\) =J(A\)=0]X, for A < —u. For t €R and x € X,, the hypothesis on J(-)
and (4.41) give
Tx = /uez"”" dM(\)x = fuez"”)‘ dJi(M)x.
Thus for all t € R,
exp{z'm‘t[&9 A dM(A)] = exp{Zm’tfGB A df()\)]
[-u,u] [-u.u]
Hence [, A dM(N) = [2, A dJ(X), and so M(-) = J(-). Since
[M(u) = M(-)][J(x) = S(-u)] = 1

in the strong operator topology of B(X), M(-) = J(-).

It is easy to see from the definition of the group {U,},cg that
(4.43) D(8) =D(G,) and Yx =8,x +id,x forx € D(Y).
Also, it is readily verified from the definition of M(-) that for alln € Z

f A dM(X) :[f AdE (A — n)
[n,n+1] [n,n+1]

Since E,(A) = E,(27\) for A € R, this last equation can be rewritten as

P+ (n+1)P,, E\0).

][ ”x dM(\) = (27)"' 4,P, + nP,{I — E,(0)} + (n + 1)P,, E,(0).

Thus, for x € Xand N € Z with N > 0,
(4.44)

N—1
["xam()x =3 [@n) " 4P, + nb {1 - E0)} + (n+ )P, E(0)]x.
-N n=-N

Observe that 4, = 32___ A, P, in the strong operator topology. If the left-hand side
of (4.44) has a limit as N » + oo (for fixed x), then so does its image under E (0);
hence using (4.44) we see that 2%°___nP, x is convergent. Conversely, if 2°__ _nP, x
is convergent, then (4.44) shows that limy_ ;[N dM(A)x = Qm) 4 x +
22__nP,x. Combining these facts with (4.35) and (4.43), we have

GD(Q)z{xEX: lim fN)\dM(A)xexists}, and

(4.45) o TN

8(x) = lim f277i?\dM(>\)x, for x € D(8).
N->+o Y_N

We can replace the discrete variable N by a continuous variable « > 0 throughout
(4.45) by reasoning analogous to that used in obtaining (4.41) from its discrete
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version. The proof of Theorem (4.20) is now complete upon setting &(A) =
M(A/(2m)) for A € R.

DEFINITION. If {T}},cg is a group satisfying the hypotheses of Theorem (4.20), the
unique spectral family &(-) of (4.20)(i) will be called the Stone-type spectral family
of the group.

(4.46) COROLLARY. Let {T,},cr and S be as in the hypotheses of Theorem (4.20), and
suppose further that T,, = I. Then

(i) there is a unique sequence of projections { P, }2-__ C B(X) such that

(a) P,,P, =0 for m # n, and

(b) for each t ER, T, = I2___e'"'P,, the series converging in the strong operator
topology.

(ii) The Stone-type spectral family &(-) of the present group {T,},cg is determined
by &6(A\) =3 __P forall\ € R.

(i) D(S) = {x € X: TX___ nP, x converges}, and Sx = IX___inP,x for x € D(Y);
hence, in particular, for eachn € Z,

P.X={x€D(Y): 6x = inx}.

(iv) 06(9) = 0,(9) = {in: n € Z and P, # 0}.
W {T:teRY ={P:neEZ}.

PROOF. Most of this corollary has been demonstrated in the course of proving
Theorem (4.20). As in the proof of Theorem (4.20), we can assume without loss of
ge~nera1ity that 27 & 0,(A4,) for t €R. For 1 ER, let T,=T,,,. Then the group
{T.},cr has all the properties which the given group in Theorem (4.20) enjoyed
throughout the proof there. Also 7, = I, and so the group {U},cg corresponding to
(T),cg is just the group {T,},cy itself. Thus, we automatically have a sequence
{P,}r-_,, of projections satisfying parts (a) and (b) of (4.46)(i). It is easy to see that
for any sequence {Q,}7-_. of projections satisfying (a) and (b) of (4.46)(i), the
function J(-): R - ®(X) given by J(A) =2 0O, is the Stone-type spectral
family of the present group {7,},cg. This settles the uniqueness requirement of
(4.46)(i), and also proves (4.46)(i1)). The conclusion (4.46)(iii) follows by applying
(4.35) to the group {T,},cg, While (4.46)(v) is obtained by applying (4.25) to {T}},c r-

It remains to show (4.46)(iv). Since exp{2wo(9)} C {1} [14, Theorem 16.7.1],
0(9) C iZ. Suppose ny € Z and P, = 0. With the aid of summation by parts, it is
easy to see that 3’ __(n, — n)'P, converges in the uniform operator topology,
- where the prime superscript indicates that the index n, is omitted from the
summation. If y is any vector in X, then yy = 2'__, — i(n, — n)~'P,y converges to
a vector z as N — + oo, while (by (4.46)(iii)), (iny — §)yy = 2'"__\ P,y — y. Since §
is a closed operator, (in, — §)z = y. Since it is straightforward to see that (in, — §)
is one-to-one, in, € p(9). Conclusion (4.46)(iv) is now apparent.

(4.47) ExaMPLES. We close this section with some realizations of its contents from
classical analysis. The tools needed to show that our examples satisfy the hypotheses
of the abstract theorems are on a par with the classical results which ensue. Thus,
our object is strictly to illustrate the kinds of classical phenomena which fall under
the results of this section, not to offer abstract proofs of classical phenomena.
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As might be surmised by the central role of (4.34) in the proof of Theorem (4.20),
an underlying classical notion of that theorem is Fourier inversion. This will be
illustrated in examples (4.47)(i), (ii) below. In order to see that the hypotheses of
Theorem (4.20) are satisfied in the examples, we shall need the following proposition
[12, Theorem 1 and its proof].

PROPOSITION. Let G be a locally compact abelian group, let x € G, and suppose that
1 <p < oco. Let T, be the translation operator on L¥(G) corresponding to x. Then
there is a well-bounded operator of type (B), A,, with spectral family E (-), such that
T, = e, 0(A,) C[0,27), 27 & 0,(4,), and sup{l E(M)l: A € R} < K, where K,
is a constant depending only on p, and not on x or G. Moreover, A, is a multiplier
operator.

ReMARK. If, in the above proposition, x has infinite order in°G, and p # 2, then
the operator A4, is not a spectral operator [12, Theorem 3].

EXAMPLE (i). The translation group in L?(T). For t € R, let T, be the translation
operator on X = L?(T), 1 < p < o0, corresponding to e’. The infinitesimal genera-
tor § of {T,},cg is given by 9D(8) = {f € AC[0,2x]: f(0) = f(27), and f* € L?(T)},
and §f = f’ for f € D(8) (see, e.g., [7, Example 1.5.5]). Thus, in the notation of
Corollary (4.46), P, X is the linear span of the vector x, = e\, for n € Z by
. (4.46)(ii1). Part (b) of (4.46)(i), for t = 0, now gives the M. Riesz decomposition
X = H” ® Hf [16, pp. 150-154], and shows that {x,)2__ is a conditional basis for
X. The failure of these phenomena to occur for p = 1 is mirrored in the fact that if x
is an element of infinite order in T, the corresponding translation operator on L'(T)
does not have a logarithm in B( L'(T)) [13, Theorem 13].

EXAMPLE (ii). The translation group in LP’(R). For t € R, let T, be the translation
operator on X = L?(R), 1 <p < oo, corresponding to . We shall determine the
Stone-type spectral family of {7,},cg- A theorem of M. Riesz [11, p. 104] asserts that
for each A € R, the characteristic function of (-o0,A] is an L”-multiplier, and the
corresponding multiplier operators E(A) for A\ € R are uniformly bounded. Here we
regard E()) as being defined on all of L?(R) (rather than on L?(R) N L?(R)). It is
obvious that E(A) is a projection, and that (2.2)(ii) is satisfied. To see that (iii) and
(iv) of (2.2) are satisfied, we observe that

EMN)f=2f—ixaH(x_»f)} forfEX,AER,
where x,(x) = e** for x € R, and H is the Hilbert transform on X = L?(R) (see,
e.g. [11,pp. 104,105 and Theorem 6.7.4]). It is obvious from this representation for
E(-) that E(-) is continuous on R in the strong operator topology of B( X). Thus to
show that E(-) is a spectral family for X we need only verify (2.2)(v). For g € L%(R)
we denote its Fourier transform by g. Let a be an arbitrary positive real number, and
let f € L%(R) N X. Then

(4.48) (E(a) = E(-a))f = @n)"* [ f(y)e " dy.

A close examination of the proof on pp. 770-772 of [15] shows that the right-hand
side of this equation tends to f [mean”] as a — + oo. Since

(4.49) (E(a) — E(-a)}f—-f asa—- +oo,
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we can apply E(0) to get {E(0) — E(-a)}f — E(0)f. It follows that E(A)f — 0 as
A - —oc0. Using this in (4.49) gives E(A)f - f as A » +oo0. From the uniform
boundedness of E(-) and the fact that L2(R) N X is dense in X, (2.2)(v) now follows,
and so E(-) is a spectral family. We now verify that (4.20)(i) holds for the spectral
family E(-). If t €R, f € L*(R) N X, and u > 0, then it is straightforward to see
from Fourier transforms that for almost allx € R,

(4.50) [/ueim dE(}\)f}(x) _ (277)_1/2/;':f(y)ei('+x)ydy~

The right-hand side of this, as a function of x, is by equation (4.48) equal to

T{E(u) — E(-u)}f. Thus the left-hand side of (4.50) tends to T,f [mean”] as
u —» +oo. From

| e s =imie — ECa,,

for € R and u > 0. Combining this uniform boundedness result with the fact that,
for f € L*(R) N X, the left-hand side of (4.50) tends to T, f [mean”] as u — + 00, we
see that E(-) is the Stone-type spectral family of {T,},cg.

EXAMPLE (iii). Second order linear differential operators with constant coefficients in
LP(R). Let X and {T,},cg be as in Example (ii). Let AC, . be the set of all locally
absolutely continuous complex-valued functions on R. We write D for the differenti-
ation operator in X, i.e, V(D) = {f € X: f € AC,,. and [’ € X}, and Df = /" for
f € (D). The operator D is the infinitesimal generator of {T;},cg [7, Theorem
1.3.13]. We denote the Gauss-Weierstrass operators by W,, t = 0. Thus W, = I, and

[W,f1(x) = (4mt)™" fR f(x = u)e™/* du,

fort >0, f € X, x € R. Itis known that {W,},. is a strongly continuous semigroup
whose infinitesimal generator is D? (see [7, Theorem 4.3.11)). It is shown in [19, The-
orem 3.3.2] that W, is well-bounded for ¢ = 0 (since X is reflexive, each W, is also of
type (B)). Thus by, for instance, (4.14)(i), o(W,) = 0 and W, is one-to-one for ¢ = 0.
Now let b, ¢ be real constants, and for 1 =0 define S, € B(X) by setting S, =
e“’‘W,T,,. Then {S§,},-, is a strongly continuous semigroup of polar operators and the
definition gives the canonical decomposition of S,. Thus {S,},., satisfies the hy-
potheses of Theorem (4.5). We show that the infinitesimal generator @ of {S,},~ is
the operator £ defined by £= D? + bD + c. It is easy to see that @ extends £.
However, by [10, Theorems VII.9.7 and VIL.9.10], £ is a closed operator, and
o(£) C {z € C: Rez <c}. In particular, p(@) and p(£) intersect, and it follows,
since @ extends £, that @ = (.

it follows that

fue”)‘ dE()\)” <2sup{||[E(M)||: A € R}

-u

5. Semigroups and the spectral theory of ordinary differential operators. This
section has two purposes: first to illustrate the preceding abstract theory of well-
bounded operators and polar operators with a substantial set of classical ordinary
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differential operators, and second to apply the functional calculus of well-bounded
operators to the further study of differential operators.

Let n =1 denote a fixed integer, and let a;, 0 <j < n — 2, denote functions in
L>*(—m, ). For sufficiently differentiable functions ¥ on (-m, 7), a differential
expression is defined by

(5.1) m(u) = (=i)"u™ + a, ,(x)u""P+ - +ay(x)u.
Boundary value expressions are defined by

n—1

(5.2) U(u) = 3 [auu®(-n) + bpu®(7)], 1<j<n,

where a;,, b;, are complex constants. A closed, densely defined linear operator L is
defined on each space L?(—m, m), | <p < oo, with domain D(L) consisting of all
functions u in C" '[-m, ] such that u"~" is absolutely continuous, u™ is in
L?(—m,m),and U(u) = 0,1 <j < n. For uin D(L), we have
(5.3) Lu = 1(u).
The order of the boundary value expression U, is the largest integer k such that
laj,| +|b;|> 0. Denote the order of U, by k;. By performing linear operations on
the original U’s, it is possible to assume, without loss of generality, that the
boundary conditions are in normalized form
k=1

(54) U(u) = au(-n) + bu*(7) + T [a;u® () + bu®(x)],
k=0

wheren — 1=k, =2k,> ---=k,>0and k,, <k,

Let w,, w,,...,w, denote the distinct nth roots of -1, labeled so that Re(w,) <
Re(w,) < --- < Re(w,).

(5.5) DeFINITION. If n is odd; n = 2u — 1, the normalized boundary expressions
(5.4) are Birkhoff regular if the numbers 6§, §,, defined by the identity

P « k P &
awf - ast, (a) +sb)wyt b, o byl

K K P k k

awk? - -a,fz, (ay + sby)wkr btz - bywke

6, + 0,5 = . " prL T
ko ... k k kp .. k

a,w - a,wn (a, + sb,,)w“" b,wy1 b, ek

are not zero.
If n is even; n = 2u, the normalized boundary expressions (5.4) are Birkhoff
regular if the numbers 8_,, 8,, defined by the identity

0.,/s+6,+0;s
K k k 1 P Ko .Lp ok
awi' AWl (a, + sby)ey (a, + Sbl)w;rll—l biw,ty - by
K k K 1 & k k
| ayesr-ragelzy (ay +osby)w)? (a, + sz)wpil byw,i, - - byw,?
K k k., 1 k kp ... k,
AW AW (a, + sb,)wl (a,+ Sb,,)w,‘:Ll bWty - - - bywhr

are not zero.
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Further, the boundary expressions (5.4) are Birkhoff regular with simple spectrum if
either (i) n is odd or (ii) n is even and 63 — 46_,6, # 0.

This definition was given in [6]. An exposition can be found in [18, pp. 48-55].
The definition of Birkhoff regularity fails to identify intrinsic spectral theoretic
properties of linear operators; however, based on classical asymptotic analysis of the
eigenvalues and eigenfunctions of such operators, it is known that the eigenfunction
expansions associated with these operators have the essential properties of ordinary
Fourier series, both with respect to pointwise convergence [6, 25, 3] and convergence
in the norms of the Banach spaces L?(-7, m), 1 < p < 00 [2,3]. One of our results is
that the resolvent operator R(A, L) of any Birkhoff regular operator with simple
spectrum is a compact well-bounded operator, for any A in the resolvent set of L,
thereby placing the L”-norm results on eigenfunction expansions for these operators
in a spectral theoretic context.

Returning to an abstract setting, let L denote a closed, densely defined linear
operator on a reflexive Banach space X, let A be a point in the resolvent set of L, and
let R(A, L) be the resolvent operator of L at A. Suppose R(A, L) is well-bounded.
We show that the functional calculus can be extended to give an expression for L in
terms of the spectral decomposition for R(A, L), and if L generates a strongly
continuous semigroup, then the semigroup also has a representation using the
functional calculus on R(A, L).

Let C be a simple, nonclosed rectifiable arc in the complex plane containing the
spectrum of R(A, L). We shall assume that L is unbounded, so that zero is in C. Let
S denote the arc length of C, and let o: [0, S] — C denote the arc length parameteri-
zation of C. Let s, = 07'(0). For a > 0, let

C(a) = {u EC:lo7!(p) — so|= a}.
Let E(p), p € C, denote the spectral decomposition of R(A, L),
®
RO\ L) = [pdE(p).
c

(5.6) LEMMA. For each f in X, lim_ - E(u(s))f = E(0)f.

PROOF. From Proposition 2.5, E(0) — E(p(07)) is a projection on the eigenmani-
fold of R(A, L) corresponding to eigenvalue p = 0. Since 0 is not an eigenvalue of a
resolvent, E(0) = E(u(07)).

Let P(a) denote the projection operator defined by P(a) = /Ceza) dE(p).

(5.7) LEMMA. For each f in X, lim,_, P(a)f = f.

PrOOF. We have P(a) = E(pu(s, — a)) + I — E(u(sy, + a)). From the definition
of a spectral family, E(u(s)) is continuous from above, and by the previous lemma,
E(u(s)) is continuous from below at s,,. Thus, in the strong operator topology,

E(p(s5)) = E(n(ss ).
(5.8) COROLLARY. The vectors of the form P(a)g, for g in X and a > 0, form a dense
set in X.
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For any function F(p) of bounded variation on C, let

(5.9) A= max |F(p)] + var F,
| F, pinC(a),
(5.10) F= {0, pinC—C(a) (a>0).

Let K(t, p) be a complex-valued function, defined for p in C and for 0 <t <1,
some ¢, > 0.

(5.11) THEOREM. Assume
A MK, <My <o0,0<t<1,
(ii) for each a > 0,

tim (K2, ) = 1.4 =0.

Then for each f in D(L),
(5.12) lim lim [© K(t, M)ldE(p)f= (AT —L)f.
1-0" a=0" YC(a) p

PROOF. We use the functional calculus for well-bounded operators, which extends
to functions of bounded variation on reflexive Banach spaces [9, p. 354]. Since
K (t, p); is in BV(C), there is a bounded linear operator L(¢) given by L (1) =
IE K (t, p)x dE(p). If fis in D(L), there exists g in X such that f = R(A, L)g,

®
f=[ wdE(n)g.
c
Using the functional calculus, for such f,
®
L(0)f = L(OR(\, L)g = [ "K,(1, w) dE(p)z.

Define operators

& 52

A1) = [TK(t,p) dE(n).  L(1) = ["K(1, ) dE(k).
c c

Since || K (t, lll < 2| K(z, )l <2M,, we see that there is a uniform bound on
IA ()l fora=0,0<t<t, If g = Pyg for some B > 0, then

L(t)g = Ap(1)g = A (t)g, a<B,
so for fixed ¢, 0 <t <1y, and all g in X, lim,_o+ A (¢)g = L(t)g. Thus if f is in
D(L),g = (A — L)f,

. ® 1 @
lim [ “K,(t,p)7dE(w)f = [ K(t,p) dE(n)g.
a—=0"J¢ K C
Since || K(z, ) — 1l is bounded as ¢— 0", there is a uniform bound for
IL(t)—Illast —» 0" .1f g = Pgg, then
®
(L(1) = 1)g = [ (K(1. ) = 1)pdE(w)s.

and by condition (ii), (L(¢) — I)g — 0 as t - 0" for such g. Since these g’s are
dense in X, this is true for all g in X, so if g = (Al — L)f, we have (5.12).
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(5.13) COROLLARY. If fis in D(L),

im (¢ Lae(u)r= (0 -L)f,
a-0* C(a)”'

PROOF. Let K(¢, p) = 1.

(5.14) THEOREM. Assume C is such that, for some t, > 0, there exists M > 0 such
that

M lle* =1l <M, 0 <r=<y,

O fle”™ = D/(t/wll < M, 0 <t <1,

(3) lim,_o+[|(e"”* = ) || = 0, @ >0,

@ lim,_o+ll((e’/* — 1) /(t = )= DIl =0, « > 0.
Then L generates a strongly continuous semigroup U(t) on X, and

U(r) = e"‘"/je’/" dE(p).

PROOF. Since e'/* is of bounded variation, we use the functional calculus to see
that W(t) = [2 e'/* dE(p) is a semigroup of bounded linear operators. We show
that W(¢) is strongly continuous at ¢ = 0, and that the infinitesimal generator of
W(t)isAI — L.

We have W(t) — I = [ (e'/* — 1)dE(p). Let

(W(t) - 1), =ff(e'/“ ~ 1), dE(p).

Now [|W(t) — Il is uniformly bounded, 0 <t <1, by (1) and the functional
calculus. If g = P,g for some B > 0, then

(W(1) —1)g=(W(1) = I),8, a<B,
and since, by (3), l(W(t) — I),ll - 0 as ¢ — 0, we see that W(t)g - gast — 0,on a
dense set of g’s. By the uniform boundedness, this holds for all fin X, establishing

strong continuity.
For any fin X,

w(t)—1 @'/t —11
————f=| ———dE .
— == T W)
Let K(tz,p) = (e'*—1)/(t/p). Using conditions (2) and (4), we see that the
hypotheses of Theorem (5.11) are satisfied. Thus for fin D(L),
W) —1
MOZL s (ar- )y,

Strictly speaking, this shows that the infinitesimal generator of W(r) is an extension
of NI — L; but since Al — L has an everywhere defined bounded inverse, the
extension is A\J — L.

lim

—0*

(5.15) THEOREM. Suppose R(A, L) is well bounded on an arc C, where X is a real
number such that A\ < Re(o(L)). Let

Ew) =145, (<0
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If C is such that there exists a constant M > 0, so that for each integer r = 0,

M
5.16 varF/ < —,
( ) C v |V|r

then —L generates a strongly continuous semigroup.

PrOOF. Since Re(o(AI — L)) <0, we have Reo(R(A, L)) <0. If 5 is in the
resolvent set of L, we have the resolvent equation
R(s) = R(A) = (A =s)R(MR(s),  (R(s) =R(s, L))
or
(5.17) R(s)=RA\)[I+ (s=A)R(N)]".

Since R(A) is well-bounded, we can use the functional calculus on (5.17)

&
R(s) :fc m(ﬂf(#),

provided 1 + (s —A)p# 0 for p in C. In particular, if s is real, s <A, then
Re(u(s —A))=0,s01 + (s — A)u # 0. Let » = s — A. Again using the functional
calculus, for each integer r = 0, R'(s) = [® F/(n) dE(p), and then

(5.18) IR(5)lI= KIVF = K| max £ ()] + var 7).
where K > 0 is the constant implementing the well-bounded operator R(A). Now
- 4 1
|F(,“')| tVl 1+Vp, \|V|r$

since Rewvu = 0. Using this, along with (5.16) in (5.18), we see that there is a
constant M’ > 0 such that
< <.
IR yp s<A
Thus by the Hille-Yosida-Phillips theorem [7,p. 34], —-L generates a strongly con-
tinuous semigroup.

(5.19) COROLLARY. If o( R(A, L)) is contained in a real interval C = (-a,0), then
the well-boundedness of R(\, L) is sufficient for —L to generate a strongly continuous
semigroup.

PROOF. As u — 0, (vu/(1 + »u))" decreases monotonically to zero, and

(vu/ (14 wp))" <
Thus (5.16) is satisfied with M = 1.

We return now to the case that L is a Birkhoff regular differential operator with
simple spectrum, and consider asymptotic estimates for the eigenvalues and their
reciprocals.

The eigenvalues of L form two sequences A ko J =12, k- 400, with A = pj"k
and

) ) Y 81‘
(5.20) pp=(D'k+a +iB+ L+
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where a;, B; are real constants, v, is a complex constant, and {§,} is a complex
sequence in /% [5, p.300]. Additionally, if n is even, then denoting by £, &, the
distinct roots of ,£% + 6,¢ + 6_,, we have

1 .
—2;;Ln£j =a; +ip;.

Since 6_, = =40, [22, p. 361], we have £,§, = =1, so that 8, = -B,. Thus a;, = a,
implies B, # 0 and B, = 0 implies a; # a,. Since 27a,, 27, are angles, - 3 < a; < 3,
we have 0 < a; — a, < 1 (assuming a, = a,).

(5.21) LEMMA. Let n = 1 be a fixed integer, and let { B, }, k = 1, be a real bounded
sequence. If n > B, — B, ,, for k sufficiently large, then the sequence D, = k" +
B, k""" is eventually monotone increasing.

PrOOF. Using the binomial theorem, the inequality D, ., > D, is equivalent to
n—2 n n—1
(n— B+ B k"' >- % ( 1) + Bk+1( i )]kl-
1=0

Since the coefficients of k/ on the right are bounded, this inequality holds for k
sufficiently large.

(5.22) COROLLARY. With the conditions of the previous lemma, the sequence
_ B,
A=+ 2]
is eventually monotonically convergent to zero.

PROOF. Let D, = 1 /A «- Using the geometric series, we have D, = k" + B k"',
where B, = -B,(1 + B, /k). Then for k sufficiently large, n > B, — B} ,.
For any complex A, not equal to any of the A ;,, let

-1
Bk = (A - )\jk) :
The p, are the eigenvalues of R(A, L). Assuming the order n of L is > 2 (the case
n = 1is easy to consider directly), we have
(5.23) RS W Ve PR/ B /.
' Jk k ! k k2 k2
. na. nB, Y; 8‘k n
= (1) "k _J i—J - X
(-1) k[1+ X +zk +k2+k2
where the y; and §;, are not the same with each occurrence. In (5.23) we use the fact
that translation by A affects only v,,. From (5.23),

_ (= ney nB v 8y
(5:24) b= VT T et
(5.25) LEMMA. If n is odd, {Rep;} is eventually monotonically decreasing to zero

for j = 1, and eventually monotonically increasing to zero for j = 2. If n is even, then
for each j, {Rep .} is eventually monotonically increasing to zero.




464 HAROLD BENZINGER, EARL BERKSON AND T. A. GILLESPIE

PRrROOF. Using (5.24),

—(-1" na, E,
Re""jk = ( ) [1 - 4 + _J_k

k" kK %2

for some bounded real sequence E;. Suppose n is odd and j = 1. Then {Rep;}
satisfies the conditions of Corollary (5.22). The other cases are handled similarly.

(5.26) LEMMA. If n is odd and B, # 0, B, # O, then
lim Arg(A, —A)=0 (j=2),
k— o0

klim Arg(A —A)=a (j=1),

and in both cases the convergence is eventually monotone.
If nis even and B, # 0, then

klim Arg(A,—A)=0 (j=1,2),

— 00

and again the convergence is eventually monotone for each j.
PROOF. Assume 7 is odd and j = 2. From (5.23),

Im(A,, —A) _ nBy/k+ v, /k* + 8, /k*
Re(A,, —A) 1 + na,/k + E,, /k?

where E,, is a bounded real sequence. Since 8, # 0,

Im(A,, —A) nﬁ2[ 1 _
Re(}‘zk —A) - k 1+ k(Y2 + 82k naZ)

where 8,, has been redefined, but still §,, —» 0. With B, =y, — na, + §,,, the
hypotheses of Corollary (5.22) are satisfied. The other cases are handled similarly.
As a direct consequence of this lemma, we have

(5.27) THEOREM. If n is odd and B, # 0, B, # 0, then

lim Argp;, =0, j=1,

k— o0

lim Argpy =m, j=2,
k— o0

eventually monotonically, while if n is even and 8, # 0

lim Argp, ==, j=12,

k— o0
eventually monotonically for each j.
(5.28) LEMMA. For each j, | u; | is eventually monotone.

PRrOOF. Using (5.24) and again redefining constants,
21 F G,
|l _ﬁ[l—"f""{z’ ,

where G, is bounded. This satisfies Corollary (5.22).
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(5.29) LEMMA. Let {x,}, {y,} be real sequences, k = 1,2,..., with x; > x, >
e >x >0 >0, x, -0, and 7|y — Yy | < 00. Then there exists a piecewise
linear absolutely continuous function H(x) on [0, x,] such that H(x,) = y,, and the
graph of H is rectifiable.

ProoF. Define H by H(x,) = y,, linear otherwise. The monotonicity of {x,}
permits this. Thus H is differentiable a.e., and

o]

X)
/(; |H’(x)|dx = El)’k “)’k+1|< 0.
1

The length of the graph of H is

© 5 > © © ‘
2 \/(xk - xk+l) + ()’k = Yi+1) <2|"k - xk+l|+ 2|)’k = Vi1l < 0.
k=1 1 i

(5.30) THEOREM. Let n > 1 be odd. Then the points {ujk},j =12, k=12,..., lie
on a simple, nonclosed rectifiable arc C in the complex plane, passing through the
origin.

Proor. For fixed j and k sufficiently large, the construction in Lemma (5.29) can
be used. The finitely many points omitted in this process can now be adjoined, and
then the union of the two curves for j = 1,2 gives the arc C.

For n odd, Rep,, <0 < Rep,,, providing a convenient separation between the
points p, pio,. When n is even, Rep, <0, = 1,2, making the construction of the
arc C somewhat more delicate.

(5.31) LEMMA. If n is even,

[ee]

2 (|.“2k = gl F ey — ’-"2,k+||) < o0.
k=1

PROOF. Using (5.24), we see that each of these terms is O(k~("* 1),

(5.32) LEMMA. If n is even and o, > a,, then for k sufficiently large
Rep, <Rep, <Rep, ) <Rep .
PrROOF. As before, we have the inequality Rep, <Rep,, ;. Consider the
possibility that Re p,, < Rep,,. From the formula in the proof of Lemma (5.25),

this is equivalent to
E, — FE
nlay = ay) > =B
which is true for k sufficiently large. The inequality Re u,, < Rep, ,, is equivalent
to
1 _ _ha Epps
(k+1)" k+1 " (k+1y

Taking reciprocals, replacing = by 7, redefining the E;;’s, and dividing by k", we
have

1 <][l—ﬁ+ﬂ].

k" k k2

NV nee | By ney  Ey
(1+k)[1+ PR R i
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Using the binomial theorem on (1 + ;)" and again redefining the E,’s, this is
equivalent to
E,—FE
[l = (o — a,)] >Lk"lk"
Since a; — a, < 1, this last inequality is valid for k sufficiently large.
Consider the piecewise linear directed curve p,, — py, = B, 4. By Lemma
(5.31), the union C of these curves for all k£ has finite length.

(5.33) THEOREM. Let n = 2 be even. Then the points {p.jk},j =12, k=12,..., lie
on a simple, nonclosed rectifiable arc C in the complex plane, with the origin as a limit
point.

PrOOF. It suffices to show that the curve C defined above is free of self-
intersection. If a; > a,, then the monotonicity stated in Lemma (5.32) guarantees
this. If a; = a,, then because of the assumption of simple spectrum, 8, = -8, # 0.
Thus the sequence {u,,} is separated from {u,,} by the real axis. We still have
{Rep;,} monotone for each j, and Rep,, <Rep, ;. Using (5.24) with a; = a,,
B, = —B, # 0, we see that the line segment p, ,,, — p, ., has slope m,, where
| m,|> ak for some a >0, whereas the line segment p,, — u,,,, has bounded
slope, uniformly for k sufficiently large. Thus this last line segment cannot intersect
any of the preceding ones. The finitely many points omitted in this construction can
now be adjoined.

Having established some facts about the location of the p,’s, it is now convenient
to relabel these as {1, }, —o0 < k < oo. Let S denote the length of the arc C, and let
o: [0,S] - C denote the arc length parameterization of C, oriented so that
0 '(pysy) > 07(p,). Since 0 € C, we define

so=07'0),  A(s) = {k:o7'(n;) <s}.
Monotonicity Assumption 1. (i) A(sy) = {0,1,2,...},

(ii) there exist integer-valued functions K(s), K,(s), with K, monotone nonde-
creasing, K, monotone nonincreasing, such that

A(s) ={0,1,...,K\(s)}, 0<s<s,,
A(s) = A(sy) U {-Ky(s),-K5(s) — 1,...}, s50<s<S§.

Montonicity Assumption 11. (i) s = S and A(s,) = {0, =1, =2,...},
(i) there exist integer-valued, monotone nondecreasing functions K,(s), K,(s)
such that

A(s) = (0,1, K\(5)} U {-1,-2,....-Ky(s)).

For Birkhoff regular problems with simple spectrum, Monotonicity Assumption I
is satisfied if n is odd, while Monotonicity Assumption II is satisfied if # is even.

Let o (x) = e’**, P, f = (f, ¢, )@, for any integer k, x in [-7, 7], and f integrable.
For a fixed curve C, and for p in C, let

(5.34) E(p)f=32Pf keA(oa'(n)).
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(5.35) LEMMA. For each space L*(-m,m), 1 <p < o0, there exists a constant
K = K, > 0 such that for E(p): L? > L?,

IE(w)< K, pinc,

provided one of the monotonicity assumptions holds.

PROOF. Because of the boundedness of the conjugate function mapping [17, pp.
46-49,68] P, is uniformly bounded when the sum is taken over any finite
consecutive set of integers, as well as over the complements of such sets.

(5.36) LEMMA. Any sequence {, } satisfying a monotonicity assumption is of bounded
variation.

PROOF. 2(:000 ““‘k - ,"'k+l |S ztiooofpikﬂ dO =S < o0.

(5.37) THEOREM. If {u,} satisfies a monotonicity assumption, then the linear
operator R: L? — L? (1 < p < o0) defined by

o0
(5.38) Rf= 2w P f

—-00
is a well-bounded operator on C. Furthermore, if {|p, |} and {Arg u,} are eventually
monotone, then R is a polar operator.

PROOF. Since {g, } is of bounded variation, {g,} defines a multiplier transform R
[11, Theorem 6.3.5] on L?, 1 < p < 0. The operators E(8) define a decomposition
of the identity for L? on C [19, Corollary 3.2.6], with the obvious extension to the
case of complex multipliers, and the resulting well-bounded operator [2 u dE(p)
coincides with R.

If {|p,|} and {Argp,} are eventually monotone, then

Ro = 2 il P A= 2 (Arg p, )P,

—00 —00
define commuting well-bounded operators with 27 not an eigenvalue of A, and
R = Rpe™.
(5.39) LEMMA. The property of being well-bounded ( polar) is invariant with respect
to similarity transforms.

ProoOF. If T is a well-bounded operator implemented by a constant K > 0 and a
curve C, and if B is a bounded operator with bounded inverse, then for any
polynomial p,

Ilp(BTB")| =|Bp(T)B'||<IBI 1B~ Ip|l -
see [21, p. 634].
If T= Re'4, then BTB™' = BRB'¢'348”' and BRB~' and BAB™' are still well-
bounded by the first part of the proof.
Let {u,(x)} denote the eigenfunctions of the differential operator L, and let
{v,(x)} denote the eigenfunctions of L*, normalized so that

u,,v;,)=29,., k,j=0,%1,%2,....
ks %) kj
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(5.40) THEOREM. Let L be a Birkhoff regular operator with simple spectrum. For
each p, 1 < p < o0, there exists a bounded linear operator B: L? — L?, with bounded
inverse, such that

Bo,=u,,  Ble=nv,.

PROOF. This is proved in [3, Theorem 4.1, 5.3].

(5.41) THEOREM. Let L be a Birkhoff regular operator with simple spectrum. Let \ be
in the resolvent set of L. Then R(A, L) is a well-bounded operator on LP(-m, ),
1<p<oo.IfB, #0,B,#0, then R(\, L) is a polar operator.

PROOF. For fin L?,
R(A, L)f= 2 I‘k(f’ Uk)“k =B 2 (B_‘f, ‘Pk)(Pk = BEB—‘f’
—00 —00

where R satisfies the conditions of Theorem (5.37). If B, #0, B, #0, then |p,|,
k - +oo, and |u,|, kK » —oco, are eventually monotone and Argp,, k - + oo,
Argp,, k — —oo, are eventually monotone.

The simplest Birkhoff regular problem occurs for n = 1,

(u)=-iv', Ufu)=u(-w)— u(m).

Its eigenfunctions are ¢,(x) = e'**, corresponding to eigenvalues A\, = k, k =
0, =1, =2,.... This operator, denoted by L, generates the group of translations in
LP(-m,m),1 <p < oo[7,p.66]. Let Ry = (-3 — L,)"". The spectrum of R consists
of the points

~o
Il
|
[\
=~
Il
e
I+
I+
»

©

and is contained in the interval J, = [-2,2]. Let L be a Birkhoff regular operator
with simple spectrum of any order n, and let A be a given point in the resolvent set
of L. If the points {u,}, Kk =0, =1,..., satisfy Monotonicity Assumption I, then a
piecewise linear monotone increasing map y: J, — [0, S] = J is defined by y(p) =
07'(py), linear otherwise. Thus Y(0) = s,. If the points {u,} satisfy Monotonicity
Assumption II, the same definition is used, but because of the interlacing of the p,’s,
Y is two-to-one, and s, = S. Also, in this case { is monotone increasing on [-2,0]
and monotone decreasing on [0, 2]. In either case, y is of bounded variation on J,,.

(5.42) THEOREM. Let B denote the operator of Theorem (5.40). Then
R(A, L) =B[(c°¢)R,|B™".

PROOF. Since ¢ is piecewise monotone and o is absolutely continuous, ¢ o  is
absolutely continuous [26, p. 377], and thus the functional calculus for well-bounded
operators applies t0 o © . Since g o Y(pu9) = p,, we see that (o o Y)R, = R.

Let Ey(x), -2 < x < 2, denote the spectral family for R,

(5.43) Ef(x)=3P. u)<x.
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Let J(p) = ¢7'((0,07'(p)]) and let X,(x) be the characteristic function of J(p).
Then

E(w) = ["X,(x)dEy(x).  E(k) = BE()B"".

(5.44) THEOREM. Let L be an nth order Birkhoff regular differential operator with
simple spectrum. Then B maps D(Ly) onto D(L), and for all fin D(L),

(M —L)f= lim B ——dE(s)B7'f.
a-0* (a) O\ S ( )

PrROOF. From Theorem 3.1 in [4], we know that B maps D(Lg) onto D(L). The
formula is a consequence of Corollary (5.13).

We now show that if »n is even and «, # a,, then —L generates a strongly
continuous semigroup on L?(-m, 7), 1 < p < oo, which has the spectral representa-
tion given in Theorem (5.14). The requirement that a; ¥ a, has the consequence that
the arc C containing the points p, ultimately has a single-valued projection onto the
real axis, and C has bounded slope near the origin.

(5.45) LEMMA. Let n be even and let L be an nth order Birkhoff regular differential
operator with simple spectrum, such that o, # a,. Then for k sufficiently large, the
slopes of the line segments used in the definition of the arc C are bounded.

PROOF. Using (5.24), we see that

e bul L[~ 8.+ 0[})]
e e Crw] LR ]

These denominators are not zero, the first by assumption and the second by the
remarks preceding Lemma (5.21). These two ratios represent the slopes of the line
segments pt,, — fy, and py, — p, ., TESpectively.

We shall also need the curve obtained from C by the inversion u — 1/u. Let
C = (x, y(x)) for X sufficiently close to zero.

(5.46) LEMMA. There exists a constant A > 0 such that for x sufficiently close to zero,

[ +»20y —2y[x+ 1| _ ( ,_d_y)
= Y T ax )

x2+y?=2x[x+ y']
PrOOF. Using (5.24), we see that there is a constant M — 0 such that
Imp,
Rep, [y

(5.47)

<M|R Hk|

where M is large enough so that this inequality holds for all points on the straight
line joining two consecutive p,’s. Thus |y(x)/x|< M|x|'/", implying that
lim _q|y(x)/x|= 0. Dividing numerator and denominator of (5.47) by x?, the
resulting fraction has bounded numerator, and the denominator converges to 1. We
use the fact that y’ is bounded (previous lemma).
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(5.48) LEMMA. For the curve C of the previous lemma, there exists M > 0 such that

M
varF/(p) < —, r=1,2,...,
c 4

for v <0.

PROOF. Let the variation of F,” over C be denoted by

I(r,v) = ‘F(u‘ldﬂtl

With p = x + iy(x),let T = 1/u. Then

. X .y 1
T=u—iv= — i R dp = ——dr.
xZ +y2 x2 +y2 B 72

If T is the image of C under p — 7, we have

I(r,v) Zf;ld'rl.

I‘|'r+v|’+|

Since y = y(x) for x close to zero, we have v = v(u) foru - -0, so

|dr|= 1+ (dv/du)’ du.

Now

do|_|(x*+y?)y" = 2y(x +yy)
dul | (x*+y?) = 2x(x +yy)

<A,

by Lemma (5.46). Thus for some M >0, |d7|<Mdu. Also, |7+ v|=|u+ »|
(v <0). Settingw = u + », we have

M 0 r -r—
I(r’ ( 1)r+1 '[OO (u+ V)r+l r+|f du r'

(5.49) THEOREM. Let n be an even integer, and let L be an nth order Birkhoff regular
differential operator with simple spectrum, satisfying the additional condition that
a, # a,. Then —L generates a strongly continuous semigroup U(t) on LP(—m, ),
1 < p < 0. Furthermore, let A be a real number such that A < Re o(L). Let R(\, L)
= 2 pdE(p). Then the semigroup U(t) has the representation

(5.50) Ut = e’”fje’/" dE(p).

Proor. Using Theorem (5.15) and Lemma (5.48), we see that —L generates a
strongly continuous semigroup. To obtain (5.50), we show that the hypotheses of
Theorem (5.14) are satisfied.

For a > 0, let I'(a) denote the image in the 7-plane of the curve C(a), under the
transformation p — 7= 1/pu. Then I'(a) has a single-valued projection onto the
u-axis as an interval u; <wu<u, <0. Let f(n) =e"/* for given >0, and let
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F(7) = e". Then
’ b, Uy
L 17 lidel= [ |F()]ldr|< M [ e ar
Cla) T(a) u,

= M(e“' — e"").

This expression is bounded by M for all ¢ and all -0 < u; <u, < 0, and converges
to zero as ¢ — 0, when u, < 0. Combining this with | e’/*|< 1, lim,_o+ '/* = 1 for
p in C(a), we have (1) and (3) of Theorem (5.14).

Now let f(p) = (e'/* — 1) /(¢/p) for given ¢ = 0. We see that f(p) is bounded on
C, uniformly in t = 0, and f(p) - 1 as ¢ - 0", uniformly on each C(a). Now

T — plIT —
F(1)=e 1, F’('r)=t1 e (l2 t7)
iT (tT)
SO
, 1—e(1—tr
[P = [ | g,
I'(a) () (¢7)

Lets = tr = w — iz, where w = tu. Then | ds |< M dw and

f |F/(T)||d7|<M/WZLZI_S)
I'(a) w, N

<M/w2——|l_es(1 —) g,

w, W2

dw

This last integral is uniformly bounded for —co <w, <w, <0, and for —c0c < w, <
w, < 0, converges to zero as t — 0" . This establishes (2) and (4) of Theorem (5.14).

To show that the operators U(z) in the semigroup are themselves well-bounded
operators, we first consider an abstract result on mappings of well-bounded opera-
tors.

Let C be an admissible arc in the complex plane, of length S, and let p:
[0, Sc] = C be the arc length parameterization. Let a = p(0), 8 = p(S;). Let f be a
continuous, complex-valued function which maps C in a one-to-one manner onto an
admissible arc T, of length Sp. Let y = f(«), 8 = f(8), and let I" have the orientation
induced by the natural ordering of [0, Sc]. Let o: [0, Sp] — I' be the arc length
parameterization of I, with 0(0) = v, o(Sy) = 8. Let h: [0, Sc] — [0, Si-] be defined
by y = 6¢7'( f(p(x))) = h(x). Since h is continuous and strictly monotone, 4" is also
continuous, and thus 4, A~ are uniformly continuous.

Note that 0 = x, <x, < ---<x,_ , <x,= S is a partition of [0, S-] if and
only if 0 =y, <y, <---<y,_, <y, = Sris a partition of [0, S;], and because of
the uniform continuity of 4, ™', given ¢ > 0 and a partition, there is a § > 0 such
that if the norm of the original partition is < §, then the norm of the induced
partition is < e.

Let {E(z): z € C} be a spectral family on C, and for w = f(z), let F(w) = E(z).

(5.51) LEMMA. {F(w): w € T'} is a spectral family.
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PrOOF. Conditions (i)-(v) of Definition (2.2) are satisfied, using the uniform
continuity of &, h~".
Let T be the well-bounded operator defined by T = /£ z dE(z).

(5.52) THEOREM. If f € AC(C), then f(T) = [ f(z) dE(z) is well-bounded.

Proor. By the functional calculus [21, p. 636], f(T') is defined. Since {F(w)} is a
spectral family, V' = [ wdF(w) is a well-bounded operator. It suffices to show that
V=f(T). If {y;} is a partition of [0, Sy] with norm |{Y;}|, and if {x,} is the
induced partition of [0, S.], then by the definition of [® immediately preceding
Proposition (2.3),

v=yrr) + tim | Se(n)[F(o(3)) - Flo(y-)]

= f@)E@ + tim S Ao(x))E(p(x)) ~ E(ox-)]
= /(r),

where we have used the fact that | {y,} |- 0 if and only if | {x,} |- 0.

(5.53) THEOREM. Let n be even and let L be an nth order Birkhoff regular differential
operator with simple spectrum, such that a, # a,. Then for t = 0, each operator U(t)
in the semigroup generated by —L is a well-bounded operator.

PRrOOE. For given ¢ > 0, f(n) = e'/* is ultimately one-to-one on the admissible arc
C containing the u,’s. Since f is also absolutely continuous, we see that [2 f(p) dE(p)
is well-bounded. Since

U(e) = & [ () dE().

it suffices to show that a scalar multiple of a well-bounded operator is well bounded.
To this end, we note that the map z — z,z, for any fixed scalar z, # 0, satisfies the
conditions of Theorem (5.52), so if T is well-bounded, so is z,T.

In the case of semigroups generated by second order differential operators, it is
possible to see further structure: each such semigroup is a semigroup of polar
operators composed with a uniformly continuous semigroup.

Let

Pof= (/9090 oulx) = e
Since the spaces L?(—, m) admit conjugation, the operators

o) -1
0,=2P, 0,= 2P
1 -0
are everywhere defined and bounded. The translation operator

(T )(x) =f(x + 1) = S e¥P,f. o0 <1<,
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can be expressed as T(t) = e'4") where A(t) is a well-bounded operator on L”
(1 < p < o), the spectrum of A(¢) is in [0,27], 2 is not an eigenvalue of 4(¢), and
A(t) is a multiplier transform

A(r) = § a ()P, 0<a,(t)<2m.

Furthermore, there is a constant K, >0, 1 < p < o, such that if E,(A) denotes the
spectral family of A(t), then ||E(M)I<K,, t, A €R. See the proposition in
Example (4.47).

(5.54) LEMMA. Let b, d be fixed real constants, and let
Dy(t) = Q,A(br) + Q,A(dr).
Then Dy(t) is well-bounded for each t. If EX(\) denotes the spectral family for Dy(t),
then there is a constant K > 0,1 <p < o0, such that
|ES(M)|<K,, tAER.
PROOF. Since A(t) is well-bounded, for every polynomial p on [0,27], || p(A())Il
<K, |lz|l , K, > 0. Since the P,’s are mutually orthogonal, we have
p(Dy(1)) = p(Q,4(bt)) + p(Q,4(dr)) = Q,p(A(bt)) + 0, p(A(dt))

and

”P(Do(t))” < ("Ql"Km +”Q2”Kdt) |||P||| :
The uniform boundedness of || EX(A)Il follows from the similar property for
Il E(A)Il, and the relation EX(A) = Q,E, (X)) + Q,E,(M).
Let L be a second order differential operator with eigenvalues A, eigenfunctions
u,, and adjoint eigenfunctions v,. Then the semigroup generated by —L is

U(t)f = 2 e (£, o) u.

Since the u,’s are equivalent to the ¢,’s: u, = Be,, we have U(r) = BUy(t)B™',
where Uy(t) = 3% e *'P,. Using (5.20), we see that there are real constants,
a, b, ¢, d, and a complex sequence {8, } in /2, such that

{)\k:k2+ak—ibk-8k, k - +oo,

(5.55) 5
AN, =k“+ck—idk—38,, k- -c.

Since 26, P, is a bounded operator in L? (1 < p < o0), we see that Sy(¢) = Sed P,
is a uniformly continuous semigroup. From (5.55), we have Uy(¢) = V,(¢)Sy(¢),
where V(1) = Ry(t)X,(¢), and

o0 4
RO(I)FZ P, + Ee'(k2+“k)’Pk + 2 e—(k2+ck)1Pk’
1 -0

(5.56) " By
Xo(1) = Ze*"'P + 3 &P,
1

—00
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Since the exponentials in Ry(7) are ultimately monotone, R(¢) is a well-bounded
operator.

(5.57) LEMMA. X (1) = e'Po",
PrOOF. From (5.56), we have X,(¢t) = Q,T(bt) + Q,T(dt). Now

(5.58) Dy(t) = §ak(bt)Pk + —21 a,(dt)p,

-0

and

) -1
etDO(t) — Eemk(bt)Pk + 2 elak(dt)Pk
1

-0

= Q\T(bt) + Q,T(dr).

(5.59) THEOREM. Let L be a second order Birkhoff regular differential operator with
simple spectrum, such that o, # a,. Let U(t) be the semigroup generated by —L on
L?(-m,m),1 <p < 0. Then

U(t) = R(1)e'PI8(1),

where {R(t)e'P"} is a semigroup of polar operators satisfying the hypothesis of
Theorem (4.5), and S(t) is a semigroup continuous in the uniform operator topology.
PROOF. Let
R(t) = BRy(t)B™', D(t) = BDy(t)B~', S(t) = BS,(t)B".

Clearly R(t), D(t) are well bounded, and since they are multiplier transforms, they
commute. It is also clear that the spectrum of R(¢) is nonnegative. If F,(A) denotes
the spectral family of R(¢), then F,(0) = O since R(¢) is one-to-one, so F(0)e'P(" =
F(0). Since the well-boundedness of Dy(¢) is implemented by the interval [0, 2#], this
interval contains the spectrum of D(¢). To see that 2« is not in the point spectrum of
D(t), we use the representation (5.58) and the fact that a,(¢) < 2« for all k and all ¢.
It is evident that {U(¢)S~'(¢)} is a strongly continuous semigroup. Thus { R(¢)e'P"}
is a strongly continuous semigroup and each R(t)e'?") is a polar operator written in
its canonical decomposition. The final hypothesis of Theorem (4.5) is the uniform

boundedness of the spectral families of D(¢), t € R. This follows from Lemma
(5.59).

(5.60) THEOREM. Let L be as in the previous theorem. Then there exists a bounded
operator M on L?(—m,7), 1 <p < oo, such that —(L + M) generates the polar
semigroup R(t)e'P®,

PROOEF. Using (5.55) in the spectral decomposition of L,

oC
L=BY\PB"',

—-oC

we see that M = B35, P, B™".
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